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THEOREM 1. Let A be a quadratic nxn matrix. The following conditions
on A are equivalent.

e The columns of A form a basis for R".
e The rows of A form a basis for R".

e The rank of A is equal to n.

e A is invertible.

e The homogeneous system of equations Ax = 0 has the zero solution
only.

e The system of equations Ax = b has a unique solution for any b.

o det A # 0.

THEOREM 2. Let H be a symmetric matrix. Then
a) there exists an orthogonal basis of eigenvectors of H,

b) there is an orthogonal matrix ) and a diagonal matrix A such that
Q 'HQ=Q HQ=A

In @ the columns are eigenvectors of H, in A the diagonal elements are
the eigenvalues.

A.1 Positive definite matrices

DEFINITION 1. Let H be a symmetric nxn matrix. H is called?

positive definite if ! Hx > 0 for all x # 0,

positive semidefinite if ! Hx >0 for all T,

indefinite if ' Hx > 0 for some x € R™ and ! Hx < 0 for
some x € R",

negative definite if —H 1s positive definite,

negative semidefinite if —H is positive semidefinite.










THEOREM 4. Assume that det A, # 0 for all k.

1. There is a unique factorization A = LU, with L a lower triangular
matrix with all diagonal elements equal to 1, and U an upper
triangular matrix;

2. When using Gaussian elimination to solve the linear system Ax = b
these matrices appear as follows:

e The columns ly,...,l, of L contain the multipliers needed in
the elimination; specifically, column l; contains those needed
to eliminate x; from rows j+1,...,n.

e The result of the eliminations is U.

e The diagonal elements in U (the pivot elements) are

det A,

1 -
( ) d dat Ak-I,

(where det Ay should be interpreted as 1).

3. In the special case of A being symmetric)U = DL', where D is
the diagonal matrix whose diagonal entries are dy,...,d,. Hence

A=LDL"

when A is symmetric.
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