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CHAPTER 1

Infinite Series, Power Series

1. THE GEOMETRIC SERIES

As a simple example of many of the ideas involved in series, we are going to consider
the geometric series. You may recall that in a geometric progression we multiply
each term by some fixed number to get the next term. For example, the sequences

(1.1a) 2; 4,78, 16; 32504,
2 4 8 16
(1.1b) L5 &5 g3 ors R
1.1c a, ar, ar®, ar®,...
(1.1c) g GFy G0y G505

are geometric progressions. It is easy to think of examples of such progressions.
Suppose the number of bacteria in a culture doubles every hour. Then the terms of
(1.1a) represent the number by which the bacteria population has been multiplied
after 1 hr, 2 hr, and so on. Or suppose a bouncing ball rises each time to % of
the height of the previous bounce. Then (1.1b) would represent the heights of the
successive bounces in yards if the ball is originally dropped from a height of 1 yd.

In our first example it is clear that the bacteria population would increase with-
out limit as time went on (mathematically, anyway; that is, assuming that nothing
like lack of food prevented the assumed doubling each hour). In the second example,
however, the height of bounce of the ball decreases with successive bounces, and we
might ask for the total distance the ball goes. The ball falls a distance 1 yd, rises
a distance 2 yd and falls a distance 2 yd, rises a distance 4 yd and falls a distance
% vd, and so on. Thus it seems reasonable to write the following expression for the
total distance the ball goes:

(1.2) 1+2-242-442- 2+ =14+2(¢+4+£+-),

where the three dots mean that the terms continue as they have started (each one
being % the preceding one), and there is never a last term. Let us consider the
expression in parentheses in (1.2), namely

2 4 8
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This expression is an example of an infinite series, and we are asked to find its sum.
Not all infinite series have sums; you can see that the series formed by adding the
terms in (1.1a) does not have a finite sum. However, even when an infinite series
does have a finite sum, we cannot find it by adding the terms because no matter
how many we add there are always more. Thus we must find another method. (It
is actually deeper than this; what we really have to do is to define what we mean
by the sum of the series.)

Let us first find the sum of n terms in (1.3). The formula (Problem 2) for the
sum of n terms of the geometric progression (1.1c) is

(1.4) snzﬁ(i_:_:"_),
Using (1.4) in (1.3), we find
2 4 2\" _ 21-(3)" _ 2N

As n increases, (%)” decreases and approaches zero. Then the sum of n terms
approaches 2 as n increases, and we say that the sum of the series is 2. (This is
really a definition: The sum of an infinite series is the limit of the sum of n terms
asn — 00.) Then from (1.2), the total distance traveled by the ballis 1 +2-2 = 5.
This is an answer to a mathematical problem. A physicist might well object that
a bounce the size of an atom is nonsense! However, after a number of bounces, the
remaining infinite number of small terms contribute very little to the final answer
(see Problem 1). Thus it makes little difference (in our answer for the total distance)
whether we insist that the ball rolls after a certain number of bounces or whether
we include the entire series, and it is easier to find the sum of the series than to find
the sum of, say, twenty terms.

Series such as (1.3) whose terms form a geometric progression are called geo-
melric series. We can write a geometric series in the form

(1.6) at+ar+ar’+-+ar™ ...,

The sum of the geometric series (if it has one) is by definition

(17) 5= lim Sn,

where S, is the sum of n terms of the series. By following the method of the exam-
ple above, you can show (Problem 2) that a geometric series has a sum if and only
if || <1, and in this case the sum is

(1.8) S=


























































