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Score:

Answers to Exercise 1 (T / F): (a) ; (b) ; (c) ; (d) ;

Guidelines:

The exam consists of 5 exercises. The points assigned to each exercise are indicated next to its
statement and in the table above. The first exercise consists of four test questions, all of them
worth the same points (2.5/100 points); each wrong answer will incur a penalization equivalent
to the points assigned to the question. The minimum score in this first exercise will be 0.

Please, provide your answers to the test questions in this page. Answer the rest of the exercises
in different pages; every exercise will be handed in separately. Please, do not forget to write
your name, surname and group in all pages you hand in.

The exam must be solved without using any notes, solved exercises collections or calculators.
It will be just accepted a handwritten sheet (both sides).

The time assigned to the exam is 3 hours.

Notation:

ŜMMSE: Minimum Mean Square Error estimator.

ŜMAD: Minimum Mean Absolute Deviation Error estimator.

ŜMAP: Maximum a posteriori estimator.

ŜML: Maximum Likelihood estimator.

ŜLMSE: Linear Minimum Mean Square Error estimator.

ML decider: Maximum Likelihood decider [φML(x)].

MAP decider: Maximum a posteriori decider [φMAP(x)].

LRT: Likelihood Ratio Test.

Pe: Probability of error.

PFA: Probability of false alarm.

PM: Probability of missing.

PD: Probability of detection.

ROC curve: Operating Characteristics curve.
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1. Primera parte
1.(10%) Let S and X be two random variables with joint p.d.f.

pS,X(s, x) =
1

x
, 0 ≤ s ≤ x; 0 ≤ x ≤ 1.

We want to estimate s based on the observation of x using an estimator ŝ that minimizes the
following cost function:

c(s, ŝ) =
1

3
ŝ3 − 1

2
sŝ2, s, ŝ ∈ [0, 1].

(a) Find the linear estimator with analytical shape ŝL(x) = wx which provides the smallest
mean cost.

(b) Now consider the squared error function. Compute the MMSE estimator ŝMMSE(x).

2.(10%) Consider the decision problem given by equally probable hypotheses and likelihoods

pX|H(x|1) = 1

2
(2− x), 0 < x < 2

pX|H(x|0) = 1, 0 < x < 1

Consider also the family of detectors

(x− 1)2
D = 1
≷

D = 0
µ2

with 0 < µ < 1.

(a) Determine the decision regions as a function of µ.

(b) Determine the probability of error of the decider as a function of µ.

(c) Find the decider belonging to the family of deciders under consideration, which incurs in
a minimum probability of error.

2. Segunda parte

3.(15%) Consider a one-dimensional stochastic function f(x) : R→ R, which follows a Gaussian process
f(x) ∼ GP(0, k(x, x′)), with covariance function k(x, x′) = exp(−(x− x′)2/(2`2)).
(a) Plot a typical random sample from this GP between −2 and 2 for length-scales ` → 0,

` → ∞, ` = 1 (i.e., three plots). Identify clearly which drawing corresponds to which
length-scale.

(b) Considering the case in which `→ 0 and having observed the following two input-output
pairs of a single realization of the stochastic process

D ≡ {f(−1) = −1, f(+1) = +1},

compute the predictive mean at x = 0, i.e., p(f(0)|D) for the same realization of the
stochastic process.

(c) Has D been informative about f(0)? Provide an interpretation of the previous result.

4.(15%) Consider the data set {(xi, yi), i = 1, . . . , N} of independent and identically distributed sam-
ples. Binary variables yi ∈ {0, 1} have been generated according to the probabilistic model
given by

p(y|x,w) = F (ỹ(x− w))),
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where ỹ = 2y−1 is a representation of the class label in {−1, 1}, F is the normalized Gaussian
cumulative distribution function, that is,

F (x) =

∫ x

−∞
N (α|0, 1)dα,

and N (α|0, 1) denotes the Gaussian function with zero mean and unit variance. We would like
to estimate parameter w minimizing the non-negative likelihood

NLL(w) = −ln (p(y1, . . . , yN |x1, . . . , xN , w) (1)

(a) Find the learning rule of the steepest descent algorithm with step size η.

(b) Find the learning rule corresponding to the Newton’s method

HINT: in order to simplify the final expressions, you might find useful defining

ri(w) =
N (xi|w, 1)

F (ỹi(xi − w))

and using it to express the learning rules.

5.(10%) Consider a one-dimensional non-supervised learning problem, with a training set given by the
6 following samples: x1 = 1.8, x2 = −0.2, x3 = −1.6, x4 = 2.6, x5 = 1.6 y x6 = −1.8.
(a) The k-means algorithm with k = 2 groups is used to cluster the data, using the following

initialization for the group means: µ(0)
1 = x3 y µ

(0)
2 = x2. How many iterations are

necessary for the convergence of the algorithm? Find the means of each group after the
convergence of the algorithm.

(b) Justify if there exists any other group representatives different from the previous ones
that provide a smaller total quadratic distortion:

J =
∑

xk∈C1

(xk − µ1)
2 +

∑
xk∈C2

(xk − µ2)
2

(c) Using the assignment criterion of k-means, find the sample estimations of the a priori
probabilities and of the variance of each group. Approximate your results with two decimal
digits.

(d) Assuming that the probability density function that has generated the data in each group
is Gaussian, provide the analytic expression that allows to calculate the log-likelihood of
the Gaussian Mixture Model that uses the parameters obtained in the previous subsec-
tions.


















