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INTRODUCTION

δe >0 for
elevator down

δr >0 for
rudder to the

left

δa >0 for stick left
(left aileron up) 
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Static stability: 

If the forces and moments on the body caused by a disturbance tend initially to 
return the body toward its equilibrium position, the body is statically stable. The 
body has positive static stability, Figure 1

If the forces and moments are such that the body continues to move away from 
its equilibrium position after being disturbed, the body is statically unstable. The 
body has negative static stability, Figure 2

INTRODUCTION
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Static stability: 

Note that a 3D body can be stable with respect to one of its axis and unstable 
with respect to another, see for example a saddle point, Figure 3

 this could also be the case for an airplane

INTRODUCTION

Figure 3
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Dynamic stability: 

Deals with time history of vehicle’s motion after initial response to its static 
stability

A body is dynamically stable if it eventually returns to, and remains at, its 
equilibrium position over a period of time

Dynamically stable statically stable
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INTRODUCTION
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Control: 

Conventional control surfaces (elevators, ailerons, and rudder) used to 

• change the airplane from one equilibrium position to another,

• produce non-equilibrium accelerated motions such as maneuvers

Airplane control: study of

• deflections of the ailerons, elevators and rudder necessary to make the 
airplane do what we want 

• amount of force to be exerted by the pilot to deflect these control surfaces

INTRODUCTION
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a. Longitudinal stability

Absolute angle of attack αa: 
= geometric angle of attack
+ zero-lift angle of attack (absolute sense)

General cambered airfoils: zero-lift angle of attack slightly <0

Use of αa instead of α is common in studies of stability and control (advantage: 
when αa=0 then L=0 no matter the camber of airfoil)

1. STATIC STABILITY AND CONTROL

0La ααα =−=
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a. Longitudinal stability

Moments on the airplane: 

Pressure & shear stress distribution produce pitching moment

Aerodynamic center: point about which the moments are independent of the 
angle of attack

CM,ac (constant with α) obtained 
from value of moment coefficient 
about any point when wing is at 
zero-lift angle of attack αL=0

Mac: sometimes called zero-lift moment

Scq
MC ac

acM,
∞

≡

1. STATIC STABILITY AND CONTROL
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a. Longitudinal stability
Moments on the airplane: 

Mcg: pitching moment about c.g. of airplane
created by: - L, D and Mac of wing

- lift of tail

- thrust

- aerodynamics forces and moments on other parts of airplane, 
such as fuselage + engine nacelles

•

• airplane is in equilibrium (in pitch) when moment about CG is zero 
(when Mcg= CM,cg=0)  airplane is said to be trimmed

Scq
M

C cg
cgM,

∞

≡

1. STATIC STABILITY AND CONTROL
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a. Longitudinal stability
Criteria for longitudinal static stability: 

1. STATIC STABILITY AND CONTROL

a

cgM,

dα
dC

slope =

cgM,C

M,0C

aαeα

trimmed

(+)

(-)
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Necessary criteria for static stability and longitudinal balance :

• CM,0 must be >0

• must be <0

• αe must fall within flight range of angle of attack

a. Longitudinal stability
Criteria for longitudinal balance:

αe: equilibrium or trim angle of attack (value of αa where Mcg=0)

airplanes moves through a range of angle of attack as it flies through its velocity 
range from Vstall (largest αa) to Vmax (smallest αa) 

 value of αe must fall within this flight range of angle of attack

a

cgM,

dα
dC

1. STATIC STABILITY AND CONTROL
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a. Longitudinal stability

Wing-tail combination: 

Consider an ordinary wing (by itself), 
with a conventional airfoil. 

For a positive camber, CM,ac<0 (from 
NACA data) and for zero lift 
CM,ac=CM,cg=CM,0

Hence CM,0<0 and such a wing by 
itself is unbalanced 
 horizontal tail must be added to 
the airplane

1. STATIC STABILITY AND CONTROL
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NACA airfoils: a large bulk of experimental airfoil data was compiled over the years by the National 
Advisory Committee for Aeronautics (NACA: later absorbed in the creation of National Aeronautics 
and Space Administration-NASA)

lift, drag and moment coefficient were systematically measured for many airfoil shapes in low-
speed subsonic wind tunnels

NACA four-digit wing sections define the profile by
One digit describing maximum camber as percentage of the chord. 
One digit describing the distance of maximum camber from the airfoil leading edge in 
tens of percents of the chord. 
Two digits describing maximum thickness of airfoil as % of chord. 

1. STATIC STABILITY AND CONTROL

NACA 2412 airfoil has a maximum 
camber of 2% located 40% (0.4 
chords) from the leading edge with 
a maximum thickness of 12% of the 
chord 
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1. STATIC STABILITY AND CONTROL

a. Longitudinal stability
Conventional wing-tail combination

Canard wing-tail combination

CGV

positively cambered wing at CL=0tail with positive lift

CG
V

positively cambered wing at CL=0

tail with negative lift

it

wing zero-lift line

wing zero-lift line
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a. Longitudinal stability

Contribution of the wing to Mcg: 

after simplification: 

1. STATIC STABILITY AND CONTROL

Vw

Lw

DwMac,w

αw

CG

zcgc

xacc

xcgc
c (wing mean chord)

zero-lift line

( )
wwww accgLacM,cgM, xxCCC −+=
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a. Longitudinal stability
Contribution of the wing+body to Mcg: 

Consider individually contribution of wing + fuselage + tail moments about center 
of gravity of airplane → obtain total Mcg

1. Obtain results for wing only

2. Results are slightly modified if fuselage is added to wing

Interference effects: when flow over wing affects fuselage flow and vice versa are 
extremely difficult to predict

 lift, drag and moments of a wing-body combination usually obtained from wind 
tunnel measurements

Generally adding a fuselage to a wing shifts AC forward, increases lift curve slope 
and contributes a negative increment to the moment about AC

1. STATIC STABILITY AND CONTROL

( )
wbwbwbwb accgLacM,cgM, xxCCC −+=
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a. Longitudinal stability
Contribution of the tail to Mcg: 

2 interference effects influence tail aerodynamics

• Airflow at tail is deflected downward by downwash due to finite wing

• Because of the retarding force of skin friction and pressure drag over the wing, 
airflow reaching the tail has been slowed

For practical purposes it is sufficient to add tail lift directly to wing-body lift to 
obtain lift of complete airplane

1. STATIC STABILITY AND CONTROL
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a. Longitudinal stability

Contribution of the tail to Mcg: 

after simplification: 

1. STATIC STABILITY AND CONTROL

it

αt

ε
αwb

Vw

Lw

DwMac,w

αwb

CG

zt

Vw

Vt

Lt

Dt
Mac,t

lt

ε

tttcg, LlM −=

Vt

Vw
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a. Longitudinal stability
Contribution of the tail to Mcg:

Using tail lift coefficient: 𝐶𝐶𝐿𝐿,𝑡𝑡 = 𝐿𝐿𝑡𝑡
𝑞𝑞𝑡𝑡𝑆𝑆𝑡𝑡
𝑀𝑀𝐶𝐶𝐶𝐶,𝑡𝑡 = −𝑙𝑙𝑡𝑡𝑞𝑞𝑡𝑡𝑆𝑆𝑡𝑡𝐶𝐶𝐿𝐿,𝑡𝑡

→ 𝐶𝐶𝑀𝑀𝐶𝐶𝐶𝐶,𝑡𝑡 =
𝑀𝑀𝐶𝐶𝐶𝐶,𝑡𝑡

𝑞𝑞𝑤𝑤𝑆𝑆𝑆𝑆
= −

𝑙𝑙𝑡𝑡𝑆𝑆𝑡𝑡
𝑐𝑐𝑐𝑐

𝑞𝑞𝑡𝑡
𝑞𝑞𝑤𝑤

𝐶𝐶𝐿𝐿,𝑡𝑡

ltSt: volume characteristic of the size and location of the tail

cS: volume characteristic of the wing

 tail volume ratio  𝐶𝐶𝑀𝑀𝐶𝐶𝐶𝐶,𝑡𝑡 = −𝑉𝑉𝐻𝐻
𝑞𝑞𝑡𝑡
𝑞𝑞𝑤𝑤
𝐶𝐶𝐿𝐿,𝑡𝑡

Note that in general  𝑞𝑞𝑡𝑡
𝑞𝑞𝑤𝑤

is very close to 1 and is considered equal to 1 in the rest 

of the explanation

1. STATIC STABILITY AND CONTROL

tttcg, LlM −=

cS
SlV tt

H ≡
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a. Longitudinal stability

Contribution of the tail to Mcg:

with at: tail lift slope

Downwash angle ε is difficult to predict theoretically and is usually obtained 
from experiment and is such that : 

Thus 

and finally  

1. STATIC STABILITY AND CONTROL

( )εiαaαaCandεiαα twbttttL,twbt −−==−−=

( )0tHt
wb

wbHtM εiVa
α
ε1αVaC

tcg,
++








∂
∂

−−=

wb
wb

0 α
α
εεε

∂
∂

+=

( )0tt
wb

wbttL, εia
α
ε1αaC +−








∂
∂

−=
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a. Longitudinal stability

Total pitching moment about the center of gravity

twb cgM,cgM,cgM, CCC +=

( ) tL,HaccgLacM,cgM, CVxxCCC
wbwbwb

−−+=

( )0ttH

wbwb

t
HaccgwbwbacM,cgM,

εiaV

dα
dε1

a
aVxxαaCC

wbwb

++



















−−−+=

1. STATIC STABILITY AND CONTROL

tail volume ratio

downwash angle when wing-body is at zero lift
(obtained from experimental data)
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a. Longitudinal stability

Total pitching moment about the center of gravity

Considering that:
absolute angle of attack referenced to zero-lift line of complete airplane 
= absolute angle of attack referenced to zero-lift line of wing-body combination

( )0ttH

a

t
HaccgaacM,cgM,

εiaV

dα
dε1

a
aVxxaαCC

wbwb

++



















−−−+=

1. STATIC STABILITY AND CONTROL

aa
αα

wb

awb

=
=
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a. Longitudinal stability

Equations for longitudinal stability

CM,0 = CM,cg when αa=0

Must be >0 to balance the airplane

Since CM,ac wb<0 for conventional airplanes

 VHat(it+ε0) must be >0 and large enough

 it must be >0

( ) ( )0ttHacM,0LcgM,M,0 εiaVCCC
wb

++=≡
=

1. STATIC STABILITY AND CONTROL
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a. Longitudinal stability
Equations for longitudinal stability

Consider now the slope of the moment coefficient curve

Shows powerful influence of location x of c.g. and of tail volume ratio VH in 
determining longitudinal static stability

Establish a certain philosophy in the design of an airplane:
Ex: consider an airplane where location of c.g. essentially dictated by payload 
or other mission requirements  desired amount of static stability can be 
obtained simply by designing VH large enough



















−−−=

a

t
Haccg

a

cgM,

dα
dε1

a
aVxxa

dα
dC

wb

1. STATIC STABILITY AND CONTROL
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a. Longitudinal stability
Stick fixed neutral point

Static longitudinal stability: strong function of xcg

Neutral point: specific location of c.g. such that

Location of neutral point obtained from previous equation 

Established by design configuration of airplane: 
for a given airplane design, neutral point is a fixed quantity: quite independent 
of actual location xcg of c.g.

0
dα

dC

a

cgM, =









−+=

a

t
Hacn dα

dε1
a
aVxx

wb

1. STATIC STABILITY AND CONTROL
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a. Longitudinal stability
Stick fixed neutral point

Stability criterion: for longitudinal stability, position of xcg of c.g. must always be 
forward of neutral point

Recall that: aerodynamic center for a wing: point about which moments are 
independent of the angle of attack

Extrapolated to whole airplane, when xcg=xn, CM,cg is independent of α: neutral 
point can be considered as aerodynamic center of complete airplane

( )ncg
a

cgM, xxa
dα

dC
−=

1. STATIC STABILITY AND CONTROL
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a. Longitudinal stability
Static margin (xn-xcg): direct measure of longitudinal static stability

Note that, from the expression

that can also be written as 

you can also obtain an expression for the static margin as:

1. STATIC STABILITY AND CONTROL

( ) ( )ncgL0ttHacM,cgM, xxCεiaVCC
wb

−+++=

( )ncg
L

cgM, xx
dC

dC
−=

( )ncgLM,0cgM, xxCCC −+=
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a. Longitudinal stability
Positive Stability

• c.g. ahead of Neutral Point
• Nose-up  Nose-down restoring 
moment

Neutral Stability
• c.g. on Neutral Point
• Nose-up  CMCG = CM0

Negative Stability (Instability)
• c.g. behind Neutral Point
• Nose-up  Nose-up moment

Stability tuning
• Size / position of horizontal 
stabilizer
• Weight distribution

1. STATIC STABILITY AND CONTROL
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b. Longitudinal control
How can we obtain a new trim angle of attack (if change of V needed)?

1. STATIC STABILITY AND CONTROL

cgM,C

M,0C

aαeα

(+)

(-) nα

cgM,C

M,0C

aαeα

(+)

(-) nα

Change in trim angle of attack due 
to change in slope of moment 
coefficient curve
 shift c.g.

Change in trim angle of attack due 
to change in CM,0

 deflect elevator on horizontal tail
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b. Longitudinal control

1. STATIC STABILITY AND CONTROL

 elevator can be used to change and control trim of airplane

 this controls the equilibrium velocity of the airplane

cgM,C

M,0C

aαeαnα

original trim angle of attack

M,0C

new trim angle of attack cgM,C∆ due to positive δe

original

new
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b. Longitudinal control

1. STATIC STABILITY AND CONTROL

Deflected elevator  CL,t curve shifted to the left

using the tail lift slope notation: 

and the pitch moment equation: 

we obtain:

e
e

tL,
t

t

tL,
tL, δ

dδ
dC

α
dα

dC
C +=

e
e

tL,
tttL, δ

dδ
dC

αaC +=

( ) tL,HaccgLacM,cgM, CVxxCCC
wbwbwb

−−+=

( ) 







+−−+= e

e

tL,
ttHaccgLacM,cgM, δ

dδ
dC

αaVxxCCC
wbwbwb
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b. Longitudinal control

1. STATIC STABILITY AND CONTROL



and the change in pitching moment acting on the plane:

 new pitching moment equation:

or

e
e

cgM,
L

L

cgM,
M,0cgM, δ

dδ
dC

C
dC

dC
CC ++=

control        stability                   

δ
dδ

dC
α

dα
dC

CC e
e

cgM,cgM,
M,0cgM, ++=

e
e

tL,
He

e

cgM,
M δ

dδ
dC

Vδ
dδ

dC
ΔC −==

elevator control power

e

tL,
H

e

cgM,

dδ
dC

V
dδ

dC
−=

elevator control effectiveness
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b. Longitudinal control

1. STATIC STABILITY AND CONTROL

cgM,C

M,0C

aαeαnα

trimδ
trim

e

cgM,
trim

cgM,
M,0 δ

dδ
dC

α
dα

dC
C0 ++=

trim
e

L
trim

L
Ltrim δ

dδ
dCα

dα
dCC +=
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Introduction to directional and lateral stability and controllability: 

Contrary to the longitudinal case, where rotation only occurs around the y-axis, in 

the directional/lateral case 2 rotations occur around x- and z-axis. 

Moments due to these rotations are coupled: 

roll velocity  roll moment + yaw moment

yaw velocity  yaw moment + roll moment 

1. STATIC STABILITY AND CONTROL
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Introduction to directional and lateral stability and controllability: 

Variables to consider in the lateral/directional movements: 

β: slip angle between relative wind and roll axis (or lateral velocity v)

ψ: yaw angle or heading angle (between roll axis at equilibrium and actual roll axis)

Φ: lateral inclination angle or roll angle or bank angle (between yaw axis at 

equilibrium and actual yaw axis)

δa: aileron angle (>0 for stick left: left aileron up)

δr: rudder angle (>0 for rudder to the left)

1. STATIC STABILITY AND CONTROL



09/05/2019 EETAC  – AMV – Stability and Control 38

Introduction to directional and lateral stability and controllability: 

Lateral/directional force and moments: 

Lateral aerodynamic force: YA

Roll aerodynamic moment: LA

Yaw aerodynamic moment: NA

and corresponding aerodynamic coefficients: 

1. STATIC STABILITY AND CONTROL

qS
YC A

Y =
qSb
LC A

l = qSb
NC A

n =
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Introduction to directional and lateral stability and controllability: 

Total lateral force coefficient: 

1. STATIC STABILITY AND CONTROL

... ,
β

CC  with δCδCβCCC Y
βYrδYaδYβY0YY ra ∂

∂
=+++=

0 for 
symmetric 
airplanes

Approximated 
to 0 for most 
practical cases 
of lateral 
control
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Introduction to directional and lateral stability and controllability: 

Total yaw aerodynamic moment coefficient: 

1. STATIC STABILITY AND CONTROL

... ,
β

CC  with δCδCβCCC n
βnrδnaδnβn0nn ra ∂

∂
=+++=

0 for 
symmetric 
airplanes directional stability with fixed control surfaces

rudder control power

adverse yaw
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Introduction to directional and lateral stability and controllability: 

Total roll aerodynamic moment coefficient: 

1. STATIC STABILITY AND CONTROL

... ,CC  with δCδCCCC l
lrδlaδll0ll ra φ

φ φφ ∂
∂

=+++=

0 for 
symmetric 
airplanes lateral stability with fixed control surfaces (dihedral effect)

aileron control power

rudder located above X axis 
 creates roll moment (small)



09/05/2019 EETAC  – AMV – Stability and Control 42

c. Directional stability

1. STATIC STABILITY AND CONTROL

xb

yb

V
β>0

xb

yb

V
β<0

0
dβ

dCslope n >=

nC stable 
aircraft

(+)

(-)

unstable 
aircraft

β
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c. Directional stability

Contribution of Aircraft components to directional stability:

Wing: quite small contribution (for small α). Note 
that backward swept wing have a stabilizing effect

Fuselage: generally destabilizing effect: because 
usually c.g. is behind the point of 
application of forces created on fuselage.

When an airplane is in a disturbed 
condition at a sideslip angle β, in general 
fuselage alone will generate a moment that 
tends to increase the disturbance

1. STATIC STABILITY AND CONTROL
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c. Directional stability
Contribution of Aircraft components to directional stability:

Wing + fuselage contribution: calculated from empirical expression [USAF]:

where: kn: empirical wing-body interference factor (function of fuselage geometry)

kRL: empirical correction factor (function of fuselage Reynolds number)

Sfs: projected side area of fuselage

lf: length of fuselage

1. STATIC STABILITY AND CONTROL

bS
lSkk

dβ
dC

w

ffs
Rln

wfn, −=
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c. Directional stability

Contribution of Aircraft components to directional stability:

Vertical tail stabilizing effect: after a perturbation creates a yaw moment that tends 

to rotate the airplane back to its equilibrium position

Restoring moment produced: side force acting on vertical tail: 

where: subscript v refers to properties of vertical tail

qv=1/2ρVv
2, dynamic pressure

αv=β+σ, angle of attack that the vertical tail plane will experience

σ: sidewash angle: caused by flow field distortion due to wings + fuselage

1. STATIC STABILITY AND CONTROL

vvv
v

L
v Sqα

dα
dCY =
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c. Directional stability

Contribution of Aircraft components to directional stability: Vertical tail

Moment produced by vertical tail:

or coefficient moment:

Contribution of vertical tail to directional stability:

1. STATIC STABILITY AND CONTROL

xb Vw
β

β+σ

Yv

( ) vv
v

L
vvvv Sqσβ

dα
dCllYN +==

( )σβ
dα
dC

q
q

bS
Sl

Sbq
NC

v

L

w

vvv

w

v
n +==









+=

dβ
dσ1

dα
dC

q
q

bS
Sl

dβ
dC

v

L

w

vvvvn,

ratio of dynamic pressures (vertical tail/wing) ≈ 1

vertical tail volume ratio
Vv
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d. Directional control

achieved by rudder: its size is determined by directional control requirements:

• adverse yaw: rudder must overcome adverse yaw so that coordinated turn can 
be achieved. Critical condition occurs when aircraft flies slow (high CL)

• crosswind landings: to maintain alignment with runway during crosswind 
landing requires pilot to fly at sideslip angle. Rudder must be powerful enough 
to permit pilot to trim airplane for specified crosswinds (for transport airplanes 
up to 15.5m/s or 51 ft/s) 

• asymmetric power condition: rudder must overcome yawing moment 
produced by asymmetric thrust

• spin recovery: rudder must be powerful enough to oppose spin rotation

1. STATIC STABILITY AND CONTROL
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d. Directional control

positive rudder deflection produces negative yawing moment:

or in terms of yawing moment coefficients:

and rudder control power is defined as 

1. STATIC STABILITY AND CONTROL

vvLvvv SqCllYN
v

−=−=

r
r

Lvv

w

v

w
n δ

dδ
dC

Sb
Sl

q
q

Sbq
NC v−==

r

Lvv

w

v

r

n

dδ
dC

Sb
Sl

q
q

dδ
dC v−=

vLC



09/05/2019 EETAC  – AMV – Stability and Control 49

e. Lateral stability

1. STATIC STABILITY AND CONTROL

0
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e. Lateral stability: 
main contributor to : 
wing dihedral angle

If a disturbance causes 1 wing to drop 
relative to the other (b), lift vector 
rotates: component of the weight acting 
inward causes the airplane to move 
sideways in this direction

When wings have dihedral, wing toward 
the free-stream velocity (lower wing), will 
experience a greater angle of attack than 
raised wing and hence greater lift 

 net force and moment tending to 
reduce bank angle (c)

1. STATIC STABILITY AND CONTROL

φd
dCl
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e. Lateral stability: 

Effect of wing placement on lateral 
stability

For low-wing: fuselage contributes a 
negative dihedral effect
For high-wing: >0 dihedral effect

1. STATIC STABILITY AND CONTROL
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e. Lateral stability: 

Wing backward sweep will help promote lateral 
stability 

1. STATIC STABILITY AND CONTROL
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f. Lateral control: 
achieved by differential deflection of aileronsmodify spanwise lift 
distribution to create moment around x-axis

estimate roll control power obtained by a simple strip integration 
method, incremental change in roll moment “l”: 

or in coefficient form:

The section lift coefficient CL on the stations containing 
the aileron can be written as:

1. STATIC STABILITY AND CONTROL
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LONGITUDINAL 
CONTROL 
SYSTEM

LONGITUDINAL 
DYNAMICS

SENSORS: 
INS, 
Anemometer

desired angle of attack αref
speed uref

actual angle of attack α
speed u

actual angle of attack α
speed u

displacement 
of elevator δe

2. AIRCRAFT EQUATIONS OF MOTION

Aircraft dynamics  fundamental part of an aircraft control system
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2. AIRCRAFT EQUATIONS OF MOTION
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(U, V, W) speed of airplane’s mass center in the referential of the airplane with 
respect to the referential of the ground 

(P, Q, R) angular speed (rate) in the referential of the airplane with respect to the 
referential of the ground 

(L, M, N) roll, pitch and yaw momentum

2. AIRCRAFT EQUATIONS OF MOTION
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Hypothesis # 1: X and Z axis are in the airplane’s symmetrical axis and 
center of gravity = origin of the axis system

Hypothesis # 2: Constant airplane mass during any particular dynamic 
analysis

Hypothesis # 3: Airplane = rigid body  any 2 points on or within the 
airframe remain fixed with respect to each other

Hypothesis # 4: Ground  = inertial referential (a free particle has a 
rectilinear uniform translation movement)

Hypothesis # 5: Leveled flight, non turbulent and non-accelerated

Hypothesis # 6: small equilibrium perturbations compared to 
equilibrium values

2. AIRCRAFT EQUATIONS OF MOTION
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In case of longitudinal study:

→ there is only pitch movement /Oy

→ there is variation in Fx and Fz but not in Fy (speed V=0)

→ there is no roll nor yaw momentum

3. LONGITUDINAL MOTION
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Stick fixed longitudinal motion

Considering a transport airplane, with 4 engines flying straight and leveled at 

40,000ft with a constant speed of 600ft/sec (=355 knots)

The obtained differential system of longitudinal equations would be

3. LONGITUDINAL MOTION
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Stick fixed longitudinal motion
It can also be written as:

or in state-space form: 
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3. LONGITUDINAL MOTION
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State-space form

Motion equations can be written as a set of 1st order differential equations

called the state-space (or state variable equation) and represented 

mathematically as: 

where x is the state vector and A the matrix containing the aircraft’s 

dimensional stability derivatives

The homogeneous solution of this 1st order eq. diff can be obtained by 

assuming a solution of the form: 

Then substituting the solution into the 1st order eq. diff: 

3. LONGITUDINAL MOTION

Axx =

tλ
r

rexx =

[ ] 0λ r =− xAI



09/05/2019 EETAC  – AMV – Stability and Control 63

Characteristic equation

For nontrivial solution to exist, the determinant must be = 0

λr: characteristic roots or eigenvalues of A

Each real eigenvalue or pair of complex eigenvalues correspond to 1 mode of 

the system:

- real eigenvalues correspond to aperiodic modes

- conjugated complex eigenvalues correspond to periodic/oscillatory

modes

3. LONGITUDINAL MOTION

AI −rλ
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Stick fixed longitudinal motion

use Matlab to solve this matrix problem

4 complex (2 pairs of conjugated) eigenvalues are obtained: 

mode I

mode II

negative real part  system dynamically stable: if system were given an 

initial disturbance, the motion will show a damped sinusoidal movement, and 

frequency of the oscillation would be governed by the imaginary part of λ

3. LONGITUDINAL MOTION

0.0724j0.0022λ
1.0964j0.3496λ

43,

21,

±−=

±−=

% Matlab code: 
A=[-0.0064 0.0284  0       -0.0537;

-0.1074 -0.3237 1       0;
0      -1.2043 -0.3735 0;
0      0       1       0];

lambda= eig(A)
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Mode characterization

From: 

we define the time constant:

the damping factor:

and, when the mode is oscillatory, its period can be calculated as:

and its natural frequency as:  

3. LONGITUDINAL MOTION
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Stick fixed longitudinal motion

From the 2 pairs of conjugated roots we can identify 2 periodic modes:

Mode I: τI=2.86s and ζI=0.30

 high frequency: short-period oscillation mode

Mode II: τII=454.55s and ζII=0.03

 low frequency: phugoid mode

if longitudinal eigenvalues do not meet

handling quality specifications, airplane

difficult to fly and unacceptable by pilots

3. LONGITUDINAL MOTION

PIO: Pilot Induced Oscillations
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Stick fixed longitudinal motion

short-period oscillation mode:

• variations of α y θ, with little change of speed u

• if ζ is too low, we need a feedback control system to increase the 

damping factor ζ

3. LONGITUDINAL MOTION
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Stick fixed longitudinal motion

short-period oscillation mode:

• low period: de 0.6 a 6s

• difficult to know its existence: 

cause can be a wind burst or a 

sudden activation of flight 

controls

• fast damping without effort 

from pilot

3. LONGITUDINAL MOTION
% Matlab code:
t1=[0:0.01:25];
xsp=exp(lambda(1)*t1)+exp(lambda(2)*t1);
plot(t1,xsp)
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Stick fixed longitudinal motion

phugoid mode:

• variations of u and θ, with α nearly constant

• kinetic and potential energy exchange

• airplane tends to a sinusoidal flight

• values of period and ζ depend on the airplane and its flight conditions

3. LONGITUDINAL MOTION
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Stick fixed longitudinal motion

phugoid mode:

• phugoid period varies between 

25s at low speed to several minutes

at high speeds 

• low damping 

• easy to control by pilot (high period 

→ more time to react and activate 

flight controls)

3. LONGITUDINAL MOTION
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% Matlab code:
t2=[0:0.01:3000];
xf=exp(lambda(3)*t2)+exp(lambda(4)*t2);
plot(t2,xf)
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Stick fixed longitudinal motion

Amplitude, oscillation period and damping of the longitudinal modes 

depend on:

- aircraft (C coefficients…)

- altitude (air density)

- airspeed

phugoid period ↗ with speed, and ↘ with altitude at fixed Mach number

short-period oscillation period does the opposite: ↘ with speed and ↗  

with altitude

3. LONGITUDINAL MOTION
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With a displacement of the elevator 
δe: elevator deviation (rad), δe > 0 : elevator goes down, 

the new system of 1st order differential equations is 

or in state-space form: 
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3. LONGITUDINAL MOTION
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With a displacement of the elevator 
for δe=1º, find the variation in u velocity (output here):

state-space form: 

3. LONGITUDINAL MOTION
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A=[-0.0064 0.0284  0       -0.0537;
-0.1074 -0.3237 1       0;
0      -1.2043 -0.3735 0;
0      0       1       0];

b = [0;-0.0179; -1.3813; 0];
C1 = [1 0 0 0];
sys1 = ss(A,b,C1,0);
step(pi/180*600*sys1);
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With a displacement of the elevator 
for δe=1º, find the variation in angle of attack (output here):

state-space form: 

3. LONGITUDINAL MOTION

1ºδfor-1.14ºα e ==

A=[-0.0064 0.0284  0       -0.0537;
-0.1074 -0.3237 1       0;
0      -1.2043 -0.3735 0;
0      0       1       0];

b = [0;-0.0179; -1.3813; 0];
C2 = [0 1 0 0];
sys2 = ss(A,b,C2,0);
step(sys2);
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Stick fixed lateral motion

In general we will find that the roots of the lateral/directional 

characteristic equation are: 2 real roots & a pair of complex roots

The airplane response can be characterized by the following motions: 

• spiral mode: a slowly convergent or divergent motion (long time constant 

 easily controlled by pilot)

• roll mode:  highly convergent motion (small time constant  airplane’s 

response to an aileron movement) 

• Dutch roll: a lightly damped oscillatory motion having a low frequency

4. LATERAL MOTION
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Stick fixed lateral motion

Directional and spiral divergence

Aircraft has much directional static 

stability and small dihedral

Perturbation turns downward the left 

wing and turns left 

Dihedral: left wing goes up

If dihedral is too small no time to recover 

horizontal position

4. LATERAL MOTION
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Stick fixed lateral motion

Dutch roll

Characteristics of both divergences: 

• strong lateral stability

• low directional stability

Needs artificial damper if natural damper 

is too low (yaw damper)

4. LATERAL MOTION
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Stick fixed lateral motion

Dutch roll

If slip occurs, airplane has a yaw movement in a given direction and a roll 

movement in the opposite direction

4. LATERAL MOTION



09/05/2019 EETAC  – AMV – Stability and Control 79

5. CROSSED COUPLING

= when a turn movement or a maneuver over an axis produces movement 
over a different axis

Under hypothesis of small perturbations: movement can be separated, the 
only coupling is lateral/directional: 

- rudder movement → lateral turn

- elevator deflection → pitch only

With higher angles of attack, 

- pitch can generate roll and yaw (and the opposite)

- roll maneuver → pitch and yaw (divergent)

→ pilot training

→ installation of roll speed limiters and mechanism that increases angular 
damping (within automatic control systems)
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CONCLUSION

When studying airplane stability and control: 2 classes of stability

• inherent stability: property of the basic airframe with either fixed or free 
controls. Mild inherent  instability can be tolerated if it can be controlled by 
pilot (such as slow divergence)

• synthetic stability: provided by an automatic flight control system and 
vanishes if the control system fails. Closed loop system must be stable in its 
response to atmospheric disturbances or to commands

Automatic control systems are capable of stabilizing an inherently unstable 
airplane or simply improving its stability 

 Control & Guidance course (3B)
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