140 Chapter 9. Primitives

Problems
Problem 9.1 Obtain the following immediate (or nearly so) primitives:
I +sinx 1
; . ++4/1—/x
® /cos~x ) /1+cosr . (vii) /—\/—_dx;
VX
&) / SinXx — COsX Ji ™) [ dx- ! 3
sinx+cosx T —sinx 0 (viii) / C?S4kd
(i) / T (vi) / N -
(x24+1)5277 Vi+2 (ix) fx3\/ 1 —x%dx.
HINTS: (iv) multiply and divide by 1 — cosx and expand (v) idem with 1+ sinx; (vii) alternatively 1 = /1 — ﬁ (viii)
cos® x = (1 —sin’x) cosx and expand; (ix) write x> = = x(x* — 1) +x and expand.

Problem 9.2 Obtain the primitives of the following rational functions:

w ff &

() jﬁTpdxa
. x5 257

an / +x+1 @ )/ 2x+2d V) /x4 21

HINTS: (i) 22 +x4+1 = (x+1/2)2 +3/4; () =22 9%+ 18 = (x—2)(x — 3)(x+3); (vi) 2* =22 +1 =
{xfl)z(x—l—l)z.

2x2+3 : —x° — -
(1)/ s ()f X2 —x° 46x 20x+153d
—9x+18

Problem 9.3 Obtain the following primitives doing an appropriate change of variable:

) [sinvVedx: dx 8
/ © [ i [

(iii) / cos(logx)dx; e (i) f VITedr:

X. —_— >
(D) /eﬂx+2ex+2 ’

(iv) / sin(logx) dx; & "sinx+3cosx
i) [ o e
) . EEh—
(v) f cos”(logx) dx; —_ / sinx+3cosx i
( .) VE+1 ¥ (xiii) j Ver—ldx; sinxcosx + 2sinx
vi . _
43 sin” xcos’ x 2 V1tV
(xiv) f dx; (xxil) [ ——=—dx;
e 1) tan x ' Vx
(vii) W— A
—lx+1 XV / (xxiii) / P
) 34 +/2% ?H—l JWx+2
(viii) / e d
5% . :
(xvi) / 1 dx, (xxiv) _/ 4€—x
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(i) j sin® xdx; (vi) f sinzxcoszxdx; (x1) f cos® xsin® xdx;
(i1) / cos®xdx; (vii) f tan® xdx; (xii) / sect xdx;
Gid) [ sin xdx: (i) f tan® xdx; Gy fsin-*xcoszxdx;
@iv) / cos* xdx; (ix) /d—::; (xiv) / tan® xdx;

. cos*x
V) / cos® xdx; (x) / sin® xdx; (xv) / tan® xsec* xdx.

HINTS: Identities to use: 2cos?x = 1+ cos 2x; 2sin*x =1 cos 2x; cos? x+ sin®x = 1;sec?x = 1+tanx.

Problem 9.5 Integrate by parts to obtain the following primitives:

)] f xtan®(2x) dx; (V) / tan’(3x) sec® (3x) dx; (ix) / (logx)? dx;
(ii) f e sin wxdx; (vi) f e cos® xdx; (x) / x(Iogx)zdx;
(i) [ e*cos2xdx; i) [ Plogrix: oy [ LEIOEE
f (vii) /-x ogxdx (xi) / T+ 2) dx;
(iv) / sec® xdx; (viii) / xX"logxdx; (xii) / arctan V/xdx.

Problem 9.6 Obtain the following primitives by performing a trigonometric substitution:

. PR | ) X ___dx
@) f N (iii) f A—2pn s & / Bl

; x2 © o dx
N A
i () / @+1p2 ) Bl

Problem 10.2 B EC s

ra
(a) Prove that if f is odd then j Flxjde=10.
—a

Fx)dx=2 /O " M

10
(c) Calculate the integral f sin ( sin ((x— 8)3)) dx.
== 6 N SN

a
(b) Prove that if f is even then f

—a

. :
Problem 10.4 Calculate F(x) = / 1 F(t)dt, with —1 < x < 1, for the following functions:

@ f(x) = |xleH; 1 1<x<

; ’ ; = 0,

i) f(x)=|x=1/2 ™) flx)=<{"" £x<0,

. f()C) lx_l /211 1< 0 ( ) {.’C—I—l, O<X\<.. 13

(111) f(x): 1 ? O<\ij 3 fl—!—x, *ngg—%j
LE o URES (vi) fl =141 I
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Problems

Problem 11.1 Calculate the area delimited by the following curves:
@ y= x2 y—(x 2) = (2—x)/6;
(1) x2+v =1,x2 +7 ———Zx

1-x 2—x
m) y— ——, vy =0,y=
@) 1+x 2= 1+x +x 2y=0y=1
(iv) one loop of the curve y* = (x —a)(x — b)?, with @ < b.
Problem 11.2 Determine the area between the curve f(x) = (_r(%)_;)? and the X axis.

Problem 11.2 Calculate the area delimited by the following curves:
il #= aB (Archimedes’s spiral), 0 < 6 < 27, and the segment {(x,0) : 0 < x < 27a};
(i) a petal of the three-petal rose » = acos36, —1/6 < 0 < /6,
(iii) half a lemniscata r = av/'cos20, —n/4 <O < n /4.
Problem 11.4 Let A the plane figure hmlted by the curves y = 1% and y = /x. Determine:
(a) the area of A;

Problem 12.7 Discuss the convergence of the following improper integrals:

e A Zlogr+1— i
1) f e P gy iv [ T X / g
( : (1v) (vii) P — el
a
% 1/x.p 1. dx cosax
il e “xtdx:
(ii) /0 ) /1 7 \/— (viii) f dx with k #£ 0;
(i) / ,me == (vi) / logxdx; (ix) / ( —arctan — L ) dx.
0 \/_
Problem 12.2 Prove that the following integrals converge for the specified range of parameters:
) .1 ~TT/2
(i) / xP(1—x)?dx, for p,g > —1; (iii) / log (1 +SCOSI) ax . for | & 1z
0 0 1 —scosx/ cosx
s a® 1xP—1
(ii) ] log{ 1+— ) dx,fora e R; (iv) / dx, for p > —1.
0 X o logx

Problem 12.23 Consider the improper integral of the first kind

/“’ ( 1 o )
o dx.
0 1+ x2 x+1
(a) Find the only value of ¢ for which this integral converges.
(b) Calculate the integral for that value of a.
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