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Cg x Clg x Cos =Cg800. Cgx Cg x Cy x5 = COpik.G .
Cy X O3 x O3 x Ca5 =Cpgpg % @5, Cg x C3 x O3 x C5 x (5 = Cl{gipadss,
'y x Cy x Cg x Clas =Cqpo X O, Cy x Cyx CygxCy xCs =090 X Clop.
Cy X Oy x O3 X Cg x C95 =Cq0p X Ug. Oy x Oy x O3 x O3 x Cy x Oy = Chy x Cag,
(9 x Cy x C9 x Cg X O =Cysg X Ch X @o. (o x Cly x Uy x Clgx Cr x (s = Cgp x.Cqp X @5,
Cy x O3 X U3 x O3 x (3 x Cys =5 306 x €5, (3 X Cy x U3 x U3 x O3 x (5 x (5 = O35 X C3g X €5.
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Theorem 5.38. Let G be a finite abelian group and let
|G| = pitp3? .. p)k
be the prime decomposition of G. Then
(43) G=2A; xAg x ... x Ay
where each group A; is the Sylow p;-subgroup of G and has isomorphism class

-t al Al
C B X C Ba; X ...xC B
P; Py .

(3

for natural numbers t; and [3;; with
(44) G142 B2 = oo 2 By

This decomposition is unique: if G = By X By X ... X% By, with |B;| = p™ then for all i we
have B; 2 A; and B; and A; have the same sequence of invariant factors 81;. 324, ... B, 4.
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Corollary 5.14. Let G be a group and let H and K be normal subgroups of G which satisfy
both

HNK ={1}
and
HK =G.
Then G is isomorphic to H x K.
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Theorem 5.12. Let G be a group and let Hy, ..., H, be normal subgroups of G with the

property that
(33) HJ’ﬂ(‘Hl...Hj_lHj_;_l...H”):{1}

for each 1 < j <n. Then
(34) l Hy...H,= Hyx...x H,. )
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Theorem 5.33. Let G be a finite abelian group. Then G has isomorphism class
(V
for some integers s € N and n; > 2 with the property that njy1 divides n; for oll 1 < j <
s—1.
This description of the isomorphism class of G is unique: if G has isomorphism class

Al ol
ny X Chy X ..o x Oy,

Clng X Oy %000 x Oy,
for some integers m; = 2 with the property that m;+y divides my; for all 1 < i<t —1, then

t=s and m; =mn; for all 1 <i <s.

Definition 5.34. The integers nq, ..., ne are the ‘invariant factors’” of G. One sometimes
s 1 lant _Tactors
says that G has ‘type’ (nq,..., ns).
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Cs x Cg x Co5 =C'1800. Cg x Cg x C5 x Oy =Csggx Cs,

Cyg x C3 x ('3 x Co5 =Cegog X Cs3, Cg x C3 x C3 x C5 x C5 = C'ap % Cys,

Cy x Uy x Cg x Coz =Clpg X Ch. Cy x Co x Cg x Cy x Cs = Clgo x C1o,

Cy x Co x (3 X O3 x Cog =Cl3pg X C. Cy x Cy x O3 x C3 x Cs x Cy = Ugg x Cap,
Cy x C9 x (g x Cy x (95 =Cy5p X Co x €5, (9 x Cy x (9 x Cg x Cx x C5 = Cgyg x Cyg X Ca,

(,"Q X (,7'2 X (,712 X (,"3 X (,7'3 X (,IQ; :(’15(] X (VVG X (,7'24 (‘2 X (,712 X (,V’Q X (7'3 X (,'{;7, X (,7’; X (,",j, = (:’_-30 X (Wgo X (7’2,
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-2)x & | &1=4
C=%x’%G _
exp(6)=2
Definition 5.51. Let G be a finite group. The ‘exponent’ e(G) of G is
S —m
e(G):=min{n e N: ¢" =1 for all g € G}.
Remark 5.52. The exponents of isomorphic groups coincide.

Lemma 5.53. Let GG be a finite abelian group. Then
e(G) = max{o(y) : g € G}.
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