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1.	Dinámica	de	la	red	cristalina

• Potencial cristalino y ecuación de movimiento.
• Cadena lineal monoatómica y diatómica.
• Aproximación armónica.
• Cuantización de las vibraciones de la red.
• Relaciones de dispersión
• Dinámica en redes tridimensionales.
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DINÁMICA	DE	LA	RED	CRISTALINA

Fallos	en	el	modelo	de	red	estática
q La teoría clásica de red estática sólo puede ser válida a T = 0K.

q No vale incluso por ∆𝑥	∆𝑝	 ≥ 	ℏ movimiento del punto cero.

q Problemas para explicar propiedades del equilibrio:

ü Calor específico.

ü Energía de cohesión.

ü Dilatación térmica en aislantes.

q Problemas para explicar algunos fenómenos de transporte:

ü Conductividad. Mecanismos de dispersión.

ü Superconductividad.

ü Conductividad térmica.

ü Transmisión del sonido.

q Problemas para explicar interacción con la radiación (luz, rayos X, neutrones).
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DINÁMICA	DE	LA	RED	CRISTALINA

Necesidad	de	una	red	dinámica

Las vibraciones de la red:

q Son esenciales para explicar cualquier propiedad de equilibrio que no esté dominada
por una contribución muy importante de los electrones.

q Proporcionan un mecanismo de transporte de energía a través del sólido.

q Son una fuente de dispersión importante de los electrones y pueden afectar a la
interacción entre ellos.

q Juegan un papel importante en la respuesta de un sólido a cualquier “sonda” que se
acople con los iones, como luz visible, rayos X o neutrones.

q Dualidad onda partícula de vibraciones de la red si su energía es comparable a kBT.
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DINÁMICA	DE	LA	RED	CRISTALINA

Teoría	clásica	del	cristal	armónico
Los iones del cristal se mueven. Hipótesis:

q La posición de equilibrio de cada ión es su sitio en la
red de Bravais.
q La desviación de los iones de sus posiciones de
equilibrio es pequeña comparada con el espaciado
interatómico.

q Suponemos que cada ión está en la vecindad de su posición de equilibrio R, y que la
red de Bravais es un promedio de las configuraciones instantáneas.

q 𝑟 𝑅 = 𝑅* + 𝑢 𝑅 		es la posición de un átomo cuya posición media es R0 .
q La dinámica de la red vendrá dada por el Hamiltoniano clásico: energía cinética y
energía potencial: CLASES PARTICULARES, TUTORÍAS TÉCNICAS ONLINE
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DINÁMICA	DE	LA	RED	CRISTALINA

Aproximación	armónica
q El desarrollo en serie de Taylor de la energía potencial alrededor de la configuración 
de equilibrio: 

q En el equilibrio, la fuerza total es cero y la energía potencial viene dada por: 

q La forma para el potencial armónico es una parábola. 
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DINÁMICA	DE	LA	RED	CRISTALINA

Aproximación	armónica.	
Calor	específico	clásico:	Ley	de	Dulong - Petit.	

q Teoría clásica, la densidad de energía térmica viene dada por el principio de equipartición
de la energía.

q Para un cristal con N átomos en un volumen V, la densidad de energía térmica es: 

q El calor específico es independiente de T:

Ley de Dulong-Petit (1819):  “El calor específico por ión es 3kB “
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DINÁMICA	DE	LA	RED	CRISTALINA

Aproximación	armónica.	
Calor	específico	clásico:	Ley	de	Dulong - Petit.	

Experimentalmente:

1. Para T Bajas, CV decrece tendiendo a 0.

2. Incluso a T altas, parece que la tendencia de CV no es exactamente el valor 

predicho por la ley de Dulong-Petit.
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DINÁMICA	DE	LA	RED	CRISTALINA

Aproximación	armónica.	
Calor	específico	clásico:	Ley	de	Dulong - Petit.	

q Para explicar el punto 1, es decir CV a bajas temperaturas, hace falta una teoría cuántica. 

q Punto 2 pudiera ser un fallo de aproximación armónica. Teoría clásica, la densidad de 
energía térmica viene dada por el principio de equipartición de la energía.

ü Resolvemos problema clásico: oscilador armónico – modos normales de vibración
ü Pasamos a modelo cuántico: fonones.
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DINÁMICA	DE	LA	RED	CRISTALINA

Modos	normales	de	una	red	de	Bravais 1D	
q Consideremos los iones de masa M separados una distancia a sólo interacciones con los 

vecinos más próximos.
q Es equivalente a masas conectadas por muelles de constante K:

58 CHAPTER 5. THE ONE-DIMENSIONAL MONATOMIC SOLID

Let us consider a chain of identical atoms of mass m where the equilibrium spacing between
atoms is a. Let us define the position of the nth atom to be xn and the equilibrium position of the
nth atom to be xeq

n = na.

Once we allow motion of the atoms, we will have xn deviating from its equilibrium position,
so we define the small variable

δxn = xn − xeq
n

Note that in our simple model we are allowing motion of the masses only in one dimension (i.e.,
we are allowing longitudinal motion of the chain, not transverse motion).

As discussed in the previous section, if the system is at low enough temperature we can
consider the potential holding the atoms together to be quadratic. Thus, our model of a solid is
chain of masses held together with springs as show in this figure

a

m m

κ κ

With this quadratic interatomic potential, we can write the total potential energy of the
chain to be

Vtot =
∑

i

V (xi − xi+1)

= Veq +
∑

i

κ

2
(δxi − δxi+1)

2

The force on the nth mass on the chain is then given by

Fn =
∂Vtot

∂xn
= κ(δxn+1 − δxn) + κ(δxn−1 − δxn)

Thus we have Newton’s equation of motion

m( ¨δxn) = Fn = κ(δxn+1 + δxn−1 − 2δxn) (5.4)

To remind the reader, for any coupled system system, a normal mode is defined to be a
collective oscillation where all particles move at the same frequency. We now attempt a solution
to Newton’s equations by using an ansatz that describes the normal modes as waves

δxn = Aeiωt−ikxeq
n = Aeiωt−ikna

where A is an amplitude of oscillation.

Now the reader might be confused about how it is that we are considering complex values
of δxn. Here we are using complex numbers for convenience but actually we implicitly mean to

Cond. Cont. Born - von 
Karman

2.1 Monatomic Linear Chain 39

un(t) = ªqei(qna°!qt). (2.9)

By substituting Eq.(2.9) into Eq.(2.8) we find

M!2
q =

X
m

cnmeiq(m°n)a. (2.10)

Because cnm depends only on l = m° n, we can rewrite Eq.(2.10) as

M!2
q =

NX
l=1

c(l)eiqla. (2.11)

Boundary Conditions

We apply periodic boundary conditions to our chain; this means that the
chain contains N atoms and that the N th atom is connected to the first atom.
(Figure 2.2) This means that the (n + N)th atom is the same atoms as the
nth atom, so that un = un+N . Since un / eiqna, the condition means that

eiqNa = 1, (2.12)

or that q = 2º
Na £ p where p = 0,±1,±2, . . .. However, not all of these values

of q are independent. In fact, there are only N independent values of q since
there are only N degrees of freedom. If two diÆerent values of q, say q and q0

give identical displacements for every atom, they are equivalent. It is easy to
see that

eiqna = eiq0na (2.13)

for all values of n if q0 ° q = 2º
a l, where l = 0,±1,±2, . . .. The set of inde-

pendent values of q are usually taken to be the N values satisfying q = 2º
L p,

Fig. 2.2. Periodic boundary conditions on a linear chain of N identical atoms𝑢 𝑁 + 1 𝑎 = 𝑢 𝑎 	→ 𝑢 0 = 𝑢(𝑁𝑎)
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DINÁMICA	DE	LA	RED	CRISTALINA

Modos	normales	de	una	red	de	Bravais 1D	

q Buscamos soluciones de la forma:
q Las condiciones de contorno periódicas Þ con n entero, 
q N soluciones con

q La relación de dispersión que se obtiene es:

q La velocidad de grupo y velocidad de fase difieren fuertemente 
en los bordes de zona de Brillouin.

5.2. MICOSCOPIC MODEL OF VIBRATIONS IN 1D 61

5.2.2 Properties of the Dispersion of the 1d chain

We now return to more carefully examine the properties of the dispersion we calculated (Eq. 5.6).

Sound Waves:

Recall that sound wave4 is a vibration that has a long wavelength (compared to the inter-atomic
spacing). In this long wavelength regime, we find the dispersion we just calculated to be linear
with wavevector ω = vsoundk as expected for sound with

vsound = a

√

κ

m
.

(To see this, just expand the sin in Eq. 5.6). Note that this sound velocity matches the velocity
predicted from Eq. 5.3.

However, we note that at larger k, the dispersion is no longer linear. This is in disagreement
with what Debye assumed in his calculation in section 2.2. So clearly this is a shortcoming of
the Debye theory. In reality the dispersion of normal modes of vibration is linear only at long
wavelength.

At shorter wavelength (larger k) one typically defines two different velocities: The group
velocity, the speed at which a wavepacket moves, is given by

vgroup = dω/dk

And the phase velocity, the speed at which the individual maxima and minima move, is given by

vphase = ω/k

These two match in the case of a linear dispersion, but otherwise are different. Note that the group
velocity becomes zero at the Brillouin zone boundaries k = ±π/a (i.e., the dispersion is flat). As
we will see many times later on, this is a general principle!

Counting Normal Modes:

Let us now ask how many normal modes there are in our system. Naively it would appear that
we can put any k such that −π/a ! k < π/a into Eq. 5.6 and obtain a new normal mode with
wavevector k and frequency ω(k). However this is not precisely correct.

Let us assume our system has exactly N masses in a row, and for simplicity let us assume
that our system has periodic boundary conditions i.e., particle x0 has particle x1 to its right and
particle xN−1 to its left. Another way to say this is to let, xn+N = xn, i.e., this one dimensional
system forms a big circle. In this case we must be careful that the wave ansatz Eq. 5.7 makes
sense as we go all the way around the circle. We must therefore have

eiωt−ikna = eiωt−ik(N+n)a

Or equivalently we must have
eikNa = 1

4For reference it is good to remember that humans can hear sound wavelengths roughly between 1cm and 10m.
Both of these are very long wavelength compared to interatomic spacings.
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DINÁMICA	DE	LA	RED	CRISTALINA

Modos	normales	de	una	red	de	Bravais 1D	
Realicemos	ahora	un	salgo	entre	la	física	clásica	y	la	física	cuántica.

CORRESPONDENCIA CUÁNTICA:

Si un sistema clásico armónico tiene un a modo de oscilación “normal” a
una frecuencia 𝜔, el correspondiente sistema cuántico tendrá un
eigenestado con una energía 				𝐸6 = 	ℏ𝜔	(𝑛 +	8 9⁄ )

Physics 927 
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The acoustic branches may be classified, as before, by their polarizations as TA1, TA2, and LA. The 
optical branches can also be classified as longitudinal or transverse when q lies along a high-
symmetry direction, and one speaks of LO and TO branches. As in the one-dimensional case, one 
can also show that, for an optical branch, the atoms in the unit cell vibrate out of phase relative to 
each other. As an example of a non-Bravais lattice, the dispersion curves for Ge are shown in Fig.8. 
Since there are two atoms per unit cell in germanium, there are six branches: three acoustic and 
three optical. Note that the two transverse branches are degenerate along the [100] direction, as 
indicated earlier. 

Phonons 
So far we discussed a classical approach to the lattice vibrations. As we know from quantum 
mechanics the energy levels of the harmonic oscillator are quantized. Similarly the energy levels of 
lattice vibrations are quantized. The quantum of vibration is called a phonon in analogy with the 
photon, which is the quantum of the electromagnetic wave.   
We know that the allowed energy levels of the harmonic oscillator are given by  

( ½)E n ω= + !  (5.21) 

where n is the quantum number. A normal vibration mode in a crystal of frequency ω is given by 
Eq.(5.20). If the energy of this mode is given by Eq.(5.21) we can say that this mode is occupied by n 
phonons of energy ω! . The term ½ ω!  is the zero point energy of the mode.  
Let me now make a comparison between the classical and quantum solutions in one-dimensional case. 
Consider a normal vibration     

( )i qx tu Ae ω−=  (5.22) 
where u is the displacement of an atom from its equilibrium position x and A is the amplitude. The 
energy of this vibrational mode averaged over time is (see Problem 4.1):        

2 2½ ( ½)ω ω= = + !E M A n . (5.23) 

We see that there is a relationship between the amplitude of vibration and the frequency and the 
phonon occupation of the mode. In classical mechanics any amplitude of vibration is possible, whereas 
in quantum mechanics on discrete values are allowed. This is shown in Fig.9 
 
 
 
 
  
Fig.9 
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5 / 2 ω!  
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DINÁMICA	DE	LA	RED	CRISTALINA

Modos	normales	de	una	red	de	Bravais 1D	con	base	doble	
q El análisis es análogo al anterior

q Hay 2 soluciones por cada vector de onda k

q Hay modos acústicos y modos ópticos. 
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The physical distinction between the two velocities is that vp is the velocity of the propagation of the 
plane wave, whereas the vg is the velocity of the propagation of the wave packet. The latter is the 
velocity for the propagation of energy in the medium.  
For the particular dispersion relation (5.6) the group velocity is given by 

2

cos
2g

Ca qav
M

= .  (5.10) 

As is seen from Eq.(5.10) the group velocity is zero at the edge of the zone where q=±π/a. Here the 
wave is standing and therefore the transmission velocity for the energy is zero. 

(iii) Long wavelength limit. The long wavelength limit implies that λ>>a.  In this limit qa<<1. We can 
then  expand the sine in Eq.(5.6) and obtain for the positive frequencies: 

C qa
M

ω = .  (5.11) 

We see that the frequency of vibration is proportional to the wavevector. This is equivalent to the 
statement that velocity is independent of frequency. In this case 

 v p
C a

q M
ω

= = .  (5.12) 

This is the velocity of sound for the one dimensional lattice which is consistent with the expression we 
obtained earlier for elastic waves.  

Diatomic 1D lattice 
Now we consider a one-dimensional lattice with two non-equivalent atoms in a unit cell. It appears 
that the diatomic lattice exhibit important features different from the monoatomic case. Fig.3 shows a 
diatomic lattice with the unit cell composed of two atoms of masses M1 and M2 with the distance 
between two neighboring atoms a.       
 
 
Fig.3 
  
We can treat the motion of this lattice in a similar fashion as for monoatomic lattice. However, in this 
case because we have two different kinds of atoms, we should write two equations of motion:  

2

1 1 12

2
1

2 1 22

(2 )

(2 )

n
n n n

n
n n n

d uM C u u u
dt
d uM C u u u

dt

+ −

+
+ +

= − − −

= − − −

.  (5.13) 

In analogy with the monoatomic lattice we are looking for the solution in the form of traveling mode 
for the two atoms:  

a n n+1 n−1 

M1 M2 

𝜔9 = 𝐶
1
𝑀8

+
1
𝑀9

±	
𝐶

𝑀8𝑀9
(𝑀8 +𝑀9)9	−4𝑀8𝑀9𝑠𝑒𝑛9(𝑘𝑎 2D )

�
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DINÁMICA	DE	LA	RED	CRISTALINA

Modos	normales	de	una	red	de	Bravais 1D	con	base	doble	
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1
( 1)

1 2

iqna
n i t
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which is written in the obvious matrix form. Substituting this solution to Eq.(5.13) we obtain  
2
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2
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2 2 cos
0

2 cos 2
AC M C qa
AC qa C M

ω

ω

! "− − ! "
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.  (5.15) 

This is a system of linear homogeneous equations for the unknowns A1 and A2. A nontrivial solution 
exists only if the determinant of the matrix is zero. This leads to the secular equation 

2 2 2 2
1 2(2 )(2 ) 4 cos 0C M C M C qaω ω− − − = .  (5.16) 

This is a quadratic equation, which can be readily solved: 
2 2

2

1 2 1 2 1 2

1 1 1 1 4sin qaC C
M M M M M M

ω
' ( ' (

= + ± + −) * ) *
+ , + ,

.  (5.17) 

Depending on sign in this formula there are two different solutions corresponding to two different 
dispersion curves, as is shown in Fig.4:  
 
 
 
 
Fig.4 
 
 

The lower curve is called the acoustic branch, while the upper curve is called the optical branch. The 
optical branch begins at q=0 and ω=0. Then with increasing q the frequency increases in a linear 
fashion. This is why this branch is called acoustic: it corresponds to elastic waves or sound. Eventually 
this curve saturates at the edge of the Brillouin zone.  On the other hand, the optical branch has a non-
zero frequency at zero q  
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and it does not change much with q.  
The distinction between the acoustic and optical branches of lattice vibrations can be seen most clearly 
by comparing them at q=0 (infinite wavelength). As follows from Eq.(5.15), for the acoustic branch 
ω=0 and A1=A2. So in this limit the two atoms in the cell have the same amplitude and the phase. 
Therefore, the molecule oscillates as a rigid body, as shown in Fig.5 for the acoustic mode.  
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DINÁMICA	DE	LA	RED	CRISTALINA

Modos	normales	de	una	red	de	Bravais 1D	con	base	doble	

q Caso 1: k << p/a longitud de onda larga.

q Caso 2: k = p/a límite de zona.
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DINÁMICA	DE	LA	RED	CRISTALINA

Densidad	de	Estados:

nanoHUB.org online simulations and more

Dispersion Curve

• Changing K by 2π/a leaves x unaffected
♦ Only N values of K are unique
♦ We take them to lie in -π/a < K < π/a
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DINÁMICA	DE	LA	RED	CRISTALINA

Densidad	de	Estados:
Consideremos	una	cadena	1D	de	longitud	L		con	N+1	átomos	separados	una	distancia	(a).
Tenemos,	por	tanto,	N-1	valores	permitidos	de	vectores	de	onda	k	independientes.

OBSERVESE:	
q Este	es	el	número	de	partículas	que	pueden	moverse.
q En	en	espacio	recíproco		tenemos	por	tanto	N-1	vectores	de	onda	

permitidos.
q Cada	vector	de	onda	describe	un	único	modo,	y	existe	un	modo	cada	𝜋/L	en	

el	espacio	recíproco.
q Por	tanto	dk/dN =	𝜋/L	,	donde	N	es	el	número	total	de	modos.

nanoHUB.org online simulations and more

Density of States, cont’d

• Thus, we have M-1 allowed, independent values of K
♦ This is the same number of particles allowed to move
♦ In K-space, we thus have M-1 allowable wavevectors
♦ Each wavevector describes a single mode, and one mode exists in

each distance π/L of K-space
♦ Thus, dK/dN = π/L, where N is the number of modes

π/(N-1)a π/aπ/L

π/a
Discrete K-space representation
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DINÁMICA	DE	LA	RED	CRISTALINA

Densidad	de	Estados:
Definimos	la	DENSIDAD	DE	ESTADOS	DE	FONONES,	como	el	número	de	modos	de	
vibración	por	unidad	de	frecuencia	y	unidad	de	volumen	del	espacio	real,	es	decir:

𝐷 𝜔 =	
1

𝐿\]8
𝑑𝑁
𝑑𝜔 = 	

1
𝐿
𝑑𝑁
𝑑𝑘

𝑑𝑘
𝑑𝜔 = 	

1
𝜋	

1
𝑑𝜔

𝑑𝑘D

Obsérvese	que		el	último	denominador	es	simplemente	la	velocidad	de	grupo.	Por	
tanto	derivado	de	la	relación	de	dispersión:

𝐷 𝜔 =	
1

𝜋	𝑣L(𝜔)
= 	 𝜋𝑎

𝐶
𝑀

�
	𝑐𝑜𝑠
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2 𝑘 𝜔 𝑎

a8

	

Obsérvese	la	singularidad	para	k=π/a	
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Densidad	de	Estados:
En 2D, cada vector de onda permitido ( o modo de vibración) ocupa una región del
espacio de área (2π/L)2. Por tanto dentro de un círculo de radio (k) habrá una cantidad de
modos dada por :

nanoHUB.org online simulations and more

2D Density of States

• Each allowable wavevector
(mode) occupies a region of 
area (2π/L)2

• Thus, within the circle of 
radius K, approximately 
N=πK2/ (2π/L)2 allowed 
wavevectors exist

• Density of states

K-space

π/a

2π/L

K

2
1 1 ( ) 1( )
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d V dK d vLα=

ω
ω = = =
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La	densidad	de	estados	será:
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Densidad	de	Estados:
En 3D, cada vector de onda permitido ( o modo de vibración) ocupa una región del
espacio de área (2π/L)3. Por tanto dentro de una esfera de radio (k) habrá una cantidad de
modos dada por :
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4
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DINÁMICA	DE	LA	RED	CRISTALINA

Modos	normales	de	una	red	de	Bravais 1D	con	base	doble	

Zonas	de	Brillouin en	1D	 Zonas	de	Brillouin	en	2D	
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DINÁMICA	DE	LA	RED	CRISTALINA

Modos	normales	de	una	red	de	Bravais 3D	
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DINÁMICA	DE	LA	RED	CRISTALINA

Modos	normales	de	una	red	de	Bravais 3D	

Para evitar detalles matemáticos presentamos sólo una discursión cualitativa.
Consideremos una red de Bravais monoatómica en la que cada celda unidad tiene un
solo átomo. La ecuación del movimiento de cada átomo puede ser escrita de manera
similar a las ya vistas. La solución de esta ecuación en 3D puede ser representada en
térmicnos de los modos normales

𝑢 = 	𝐴	𝑒i(O·k⃗	a	Nl)

Donde cada vector (k) representa la longitud de onda y la dirección de propagación. El
vector (A) determina la amplitud así como la dirección de vibración de los átomos.
Este vector especifica la polarización de la onda, esto es si la onda es longitudinal (A
paralelo a k) o transversal (A perpendicular a k)
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DINÁMICA	DE	LA	RED	CRISTALINA

Modos	normales	de	una	red	de	Bravais 3D	

Cuando sustituimos este tipo de solución en la ecuación del movimiento obtenemos
ecuaciones que involucran a las componentes de A. La solución a estas ecuaciones nos
lleva a tres relaciones de dispersión diferentes, o tres curvas de dispersión.
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Fig.5 
 
On the other hand, for the optical vibrations, substituting Eq.(5.18) to Eq.(5.15), we obtain for q=0: 

1 1 2 2 0M A M A+ = . (5.19) 

It implies that the optical oscillation takes place in such a way that the center of mass of a molecule 
remains fixed. The two atoms move in out of phase as shown in Fig.5. The frequency of these 
vibrations lies in infrared region which is the reason for referring to this branch as optical.  
Three dimensional lattice 
These considerations can be extended to the three-dimensional lattice. To avoid mathematical details 
we shall present only a qualitative discussion. Consider, first, the monatomic Bravais lattice, in which 
each unit cell has a single atom. The equation of motion of each atom can be written in a manner 
similar to that of Eq.(5.2). The solution of this equation in three dimensions can be represented in 
terms of normal modes  

( )i te ω−= qru A  (5.20) 
where the wave vector q specifies both the wavelength and direction of propagation. The vector A 
determines the amplitude as well as the direction of vibration of the atoms. Thus this vector specifies 
the polarization of the wave, i.e., whether the wave is longitudinal (A parallel to q) or transverse (A 
perpendicular to q).  
When we substitute Eq.(5.20) into the equation of motion, we obtain three simultaneous equations 
involving Ax, Ay. and Az, the components of A. These equations are coupled together and are equivalent 
to a 3 x 3 matrix equation. The roots of this equation lead to three different dispersion relations, or 
three dispersion curves, as shown in Fig.6. All three branches pass through the origin, which means all 
the branches are acoustic. This is of course to be expected, since we are dealing with a monatomic 
Bravais lattice. 
 
 
 
 
 
   Fig.6 
 

Acoustic 

Optical 

Todas las ramas pasan por k=0 lo cual indica que son acústicas (esto sucede porque
estamos hablando de una red monoatómica). Las tres ramas difieren en su
polarización. Cuando k está dirigido a lo largo de dirección de alta simetría (por
ejemplo la dirección [100] o [110] ) las curvas pueden ser clasificadas como
transversales o longitudinales puras. Usualmente nos referiremos a ellas como
TRANSVERSAL ACÚSTICA (TA) o como LONGITUDINAL ACÚSTICA (LA).
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DINÁMICA	DE	LA	RED	CRISTALINA

Modos	normales	de	una	red	de	Bravais 3D	
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The three branches in Fig.6 differ in their polarization. When q lies along a direction of high 
symmetry - for example, the[100] or [110] directions − these waves may be classified as either pure 
longitudinal or pure transverse waves. In that case, two of the branches are transverse and one is 
longitudinal. One usually refers to these as the TA - transverse acoustic and LA − longitudinal 
acoustic branches, respectively. However, along non-symmetry directions the waves may not be 
pure longitudinal or pure transverse, but have a mixed character.  
 
 
 
 
 
 

Fig.7 
 
 
 
Figure 7 shows the dispersion curves for Al in the [100] and [110] directions. Note that in certain 
high-symmetry directions, such as the [100] in Al, the two transverse branches coincide. The 
branches are then said to be degenerate. 
We turn our attention now to the non-Bravais three-dimensional lattice. Here the unit cell contains 
two or more atoms. If there are s atoms per cell, then on the basis of our previous experience we 
conclude that there are 3s dispersion curves. Of these, three branches are acoustic, and the 
remaining (3s −3) are optical. The mathematical justification for this assertion is as follows: We 
write the equation of motion for each atom in the cell, which results in s equations. Since these are 
vector equations, they are equivalent to 3s scalar equations, which have 3s roots. It can be shown 
that three of these roots always vanish at q = 0, which results in three acoustic branches. The 
remaining (3s −3) roots, therefore, belong to the optical branches, as stated above. 
 
 
 
 
 
 
 
   Fig.8 

Figura mostrando las curvas de dispersión para el Aluminio en la dirección [100] y
[110]. Debido a la alta simetría en la dirección [100] las dos ramas transversales
coinciden. Decimos que están DEGENERADAS.CLASES PARTICULARES, TUTORÍAS TÉCNICAS ONLINE
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DINÁMICA	DE	LA	RED	CRISTALINA

Si la celda unidad tiene más de un átomo digamos un número (s), aparecerán 3s
curvas de dispersión de las cuales SIEMPRE tres de ellas serán ramas acústicas (es
decir pasarán por el cero en k=0 y el resto (3s-3) serán ramas ópticas.
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longitudinal or pure transverse waves. In that case, two of the branches are transverse and one is 
longitudinal. One usually refers to these as the TA - transverse acoustic and LA − longitudinal 
acoustic branches, respectively. However, along non-symmetry directions the waves may not be 
pure longitudinal or pure transverse, but have a mixed character.  
 
 
 
 
 
 

Fig.7 
 
 
 
Figure 7 shows the dispersion curves for Al in the [100] and [110] directions. Note that in certain 
high-symmetry directions, such as the [100] in Al, the two transverse branches coincide. The 
branches are then said to be degenerate. 
We turn our attention now to the non-Bravais three-dimensional lattice. Here the unit cell contains 
two or more atoms. If there are s atoms per cell, then on the basis of our previous experience we 
conclude that there are 3s dispersion curves. Of these, three branches are acoustic, and the 
remaining (3s −3) are optical. The mathematical justification for this assertion is as follows: We 
write the equation of motion for each atom in the cell, which results in s equations. Since these are 
vector equations, they are equivalent to 3s scalar equations, which have 3s roots. It can be shown 
that three of these roots always vanish at q = 0, which results in three acoustic branches. The 
remaining (3s −3) roots, therefore, belong to the optical branches, as stated above. 
 
 
 
 
 
 
 
   Fig.8 
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q Curvas de dispersión del Silicio.

q Para k pequeño tenemos relación lineal.

q En 3D hay que considerar también las direcciones
de los vectores de polarización, es(k) y la dirección de
propagación de k.
q modos longitudinales es || k
q modos transversales es ┴ k

q Cuando k sigue un eje de simetría →
degeneración en frecuencia

Modos	normales	de	un	cristal	real
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Modos	normales	de	una	red	de	Bravais 3D	monoatómica
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Zonas	de	Brillouin en	3D	
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TEORÍA	CUÁNTICA	DEL	CRISTAL	ARMÓNICO
q La teoría clásica del cristal armónico Cv independiente de la temperatura.
Experimentalmente, se observa que en aislantes decrece con T3 .

q La teoría cuántica establece que el sistema se describe mediante un conjunto discreto de
estados estacionarios.

q Las energías de los estados estacionarios son los autovalores del hamiltoniano armónico:

q En un cristal armónico de N iones, tenemos 3N osciladores independientes, cuyas
frecuencias son las de los 3N modos normales clásicos.

qLa energía está cuantizada:
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Fonones
q Hemos descrito el estado de las vibraciones de la red por medio del número de

excitación nk,s
q Se hace analogía con la descripción corpuscular y se dice que el modo normal k,s en

el estado excitado nk,s , son nk,s fonones de tipo s con vector de onda k.

Fotones Þ “cuantos”	de	campo	de	radiación	con	el	que	se	
describe	la	luz.

FononesÞ “cuantos” de campo de desplazamientos iónicos
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