Linear Mappings

Lineor mappinas
E igenvalus and Ei 8mvcc+ors.

Linear moppings are funchons defined
on VYechor spaces Hat preserve linear
Combinations.

Defnipion| T Mt bk
Qiven Hwo vector spaces \V and W,

we say tat T:\N—>W is a linear
Mappin% if i verifies: NaveV and ¥YxeR
() T (arv)= T@) +T(v) o €V
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The mapping T:R'=R”

defined \m(/T x)
¢

\3, s linear.

X

uzf W | AT TW@) 3 U2 ,T(\?)‘(Vz)
Wy Vs ui .
T XGtpV | ="- - = = aT(X)+aT(7)
\/"\/_J —
T(Xﬁ*‘é\'/)sf LB = [ XUz tgy,
L \AUabpVe ol Wit AV)
= o[ U * p v, = o(T(a)-l-'LT(V)
W 5
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The Mapping 'Dﬁ)—?Tl) de.ﬁmep\
lo\, Dp(x)= p'(x) is linear.

qu'_el(l) ) D(,PefK S

Dloprpg )= (xprpg) = apiepy
®Dp 4pDq

|
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Let A be a malnx of size
mxn. The mapyin% T: ﬂn—eﬂm defmed
b~, T (%)= A% s linear.

A(x43)= Authg [ Alazipq)
Ali) = < Ay LSRN

T x) = (%) - O 1\ X
4 1 0]
4 N %
1(2)=Bx

° Mst‘n_k Yo Mginil-iof\
. éhowin.ck Mat 1% an be wrifen o5 AR
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The Mappina £ >R defined
by # (x) = [ %\ is not linear.

s X
bWe con show dmad i does nod preserve

scalor  ywulh pli cahon -

P 54) 2 p| (o

i S

"5 F| [ 2 o
Ll

frs(l 5f &

' l

\"
VN

S
1 00 Q.0

)

7

ve ld o — T o.he &T s Lnear
~ ‘— 1—L—— *

1,0V 0 L.’r('ﬁv): Ow
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?roy&hes of lintar Mappings

Let T-N->W be a lincor mapping.,

Hhen -

1. T (Ov)= Ow

2. T (-u)=-T(u) -A=4-3

3. T (auﬁﬁ a.zﬁq,f -~ 4 Qn-\—ln)= Ofr[ﬁ,)l----J'ﬁnT(rm)
T (xw+p@)

The mapping f: R5R” defined

by %((a‘;)] (x;) is not linear
WrEre

TN AR AL

sinct
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Definition
let T:V-=W bt a lincar mapping.
We define He kemtl ang image
of T, respectively, as Jfollows:
KerT=1{%eV, T)=0] ¢\
ImT=1{TmeW, zev]-<
=] Bew, §:TG) for some zev]

Ker T is a subspace of V
lm 1 is a Subspace of W.

KerT is o subspese:

XageKyT ——— x7ipaekesT
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T s a sulasPo.oe-

WVEWT ~— """ aG+piemT

4 of T T is lineos Jif of low T )
XV R=T(R) JzeN, «dtpi= T(Z

aitpi= % T(2) +pT(G)

*T(x21p3)
z
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T heorem

Let T:V->W be o lineor mapping. and
let {d,ly-..,Un] be & system of
%ﬂm—\ws of \. Then ?T(&.),T(ﬁ;),...,ﬂm}
iS oo system of %m-e_rod-of.s of ImT.

V=5pun] Gy, ..., Gn § —> lW\.T‘-'SPM\%T(,G\),T(ﬁz\. )

Find Hhe kernel and Emaﬁ,e. of
'Hw/ lincar ma.m)in% £! 123—9 123

d.-c{-’ ined by
~

2

L

21 [« \

-1 TCT)= AR
X [ x+2 ker P = Nu) A
Y g % m §<Col A o
t/J \XH%H, T:Vow

iOi/x\
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1 X+tz=0

Mu,lA-'—Kﬂ-f‘-‘ SP(M\ -3
0

Span | BLE u),ﬁtw,),ﬁ;ﬁ
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i.’r X | /x+z

%

_\E’ | X+ 308%

o>
"

£a): (2| t@w)= o) e /1

0] i 0

\i ) ] ) l
fl?)‘pi

lm T= {T(Y) 3 xe\l] {/—]x er}

:’X.(Iw X2 Ogk -~ ¥ %nlln | X> (’?‘](:V

= Col P

T(k): Ax

KWF {-)Z%\J : T(.Q)"-B&A f?e\lz ATL:BE
= Nul A.
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A JFunc-Hor\ #5 A->B s in)echt
i$ and only if

Vx,%eﬂ, g x$y then P03+ $(w)
Or eguivalenty

Viue B, it $69=P14) ¥hen x=y.

$is injeckive iif #0029 has ab most 1 Sol. ¥§

A ﬁm&h‘on £:A->8 is surjecive if
and ony ¢

Vbe B, Hue exisls aef such thad

b= (o).

Tis soqeckive i3 PE)=G hes ok lash L sol ¥

A funchion is bijeckive if ond only i2
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Bl"T(’X - 2’: Yz

x|

X
) —

by=T(%) = X=X
L—g C T()—(') &> 7= )?3
(I\Jtcl-t’\re.,

Nok <u r'jcu\‘i\lt,

- X= 77.
ba: T(Y)/ "4

sz)?_s

Not '\a&t chve.

Surjccktu.

\ | X
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)-2’)7\

Ez’T(i)<7= %
Nod iajcch‘d-c

Neot  serjective

/E\ (ﬂjfd"de' bi:)f_ch‘vc.
( ‘ Sufjecki s

b

\/
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Theorem

Let T:V-=W be a linear Mapping.. Thon:
L. Tis inJcchﬂ if and only if Ker T=10].
2-Tis Sur‘)‘ccl-ivf £ and Of\(xl id 'mT’ W.

Wrer characterizations

For eny given linear mopping £:V->,
we have:

1. -F 1S injcc-ﬁve. ;,ﬁ and only '::f for each
linearly independent set {l, iy, ..., unJ,
He set Pay, £@), ... $la ] s
)imar\x; independent.
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= Suppere  Ahp EARY iajcc\idt.
NTS: i Ik, ... Wl is Lin. ind
Hom V2@, oo, 4@ Line ind.
e HE) ¢ GEW) + - -~ + cud(@n) = &u
:(’f(c\\ml—izaw---%-ugB = 5.,

—

=

Ov

pis Enjcc-Hdc”b CWF iy b - -+ CaV = Oy

{(L,.-.,En} (s ,Q('f\\'u.ol@&-;(_zq-_ Cq—= --- Ca= O

ESuguelf 3ROy, L L@ T i fn. dep
thon Y0y Bad is Bin dp.
NTS: 2% s injeckve. & Kevt={b}
xeker £ £(%) =05
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2.4 is surjechive i ond only i for eoch
system o aene.ra‘\-ors of v {l'i.,a:., ...,Tln3 /
Heo set LY, 2@, ..., LGS 35 o
System of Zenerq’rov.s of W

3. £is bijechve £ ond only i for cach
bosis of N Ad,Us,...Gm], the set
1800, pWAa), ..y $Cm) | is o basis of
W.

Operations With _lincar mappings
Given 4wo linear mo.Pin%S m:v-aw
and a sScalor AeR, we dedine He

operohions
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Theorem v, T Sinas mapping - T:N->)
With e operations defined above,
P set of linear maPplnﬁs betoeen
Ywo vector spaces Vond W is itseld

6 <vector spoce.

Moveo%r, the set of \inear Moppings

behween V and W has additonal
shructure:

a\

T(%)=
Theorem T()= 0

R

&iveﬂ 4o linear mOPP{nas _F:V_)w
and 9: W->WU, +heir composition

a0f: VU defined by (a0£)(3)= alft)
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Recall +hat i a fonckion is bijechve
then i+ has an inverse function.
In parHanlor, if £:V>W is o bijechive
linear mapping,, Hen Hhere exisds
a funcHon £7: W=V such Huat
VieV, £*(f(9))=v-Tdy v—W—V
Voew, #{p"(@))=5. Wv=w
TAw
Theorem
For each bjjechive linear fonction
f:V-}W, 1+S inverse mappina -F"W\‘"V
is also a linear mo.pping- That is,
£ (a0+pv) = P (@D 4+ p£7 (), YO,7eW
Vo, pe X,
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In this secHon, we will see Hrat lineor
mappings between finite- dimensional
Vechpr Spaces have o matrix representohon.
The mechanism Yo achieve tis motrix
representohon consists in using coordinates

with respect o  some basis of Vond W-

More wncretely, let T:V>W be o linear
magping, let B be o basis of V, and let
C be o magping of W. For any vector
xeV, the imoge of % under T is Txel.
The coordinates of X and TX with respect
10 Hie corresponding bases are [xJs
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[Tx )= MT ALY T(2)
The moadrix M-,i i3 +he matrix representotion
of T when we fx e bases B and C. This
mahx converts the coordinates Lx1y indy

e coordinates [ Tx])e.

Th notation MT® has been chosen +o
remark that He makix represention

of T depends of +he bases B and C.

In other words, it changes with dhe choice
04 bases.

Mo.-l'vix ossocdated to a lincar ma.?ping.

In +his sechon, we will construct +Hhe madrix
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We stort by Pixing 0. basis for Vand
wW. Lt B be o bosis for Vand let C
bt a basis for W. In partaular, let
8=1b,Ds, ..., bad.
Then we can represent every XeV as a
linear combination of B using the
coordinates [%x1g. That is,
X= x,-l;ni-x,,'l;zi-xaﬁg’r---*xnl;n; [x1g- :;.
i

Now, usicy Hhe lineariy of T, we have,
Tz T (bt xabot xabs+- - +%n bn)

= T (bs) + % T () x5 T (03)++ xn T (bm).
Since Tx is a vechor of W, we can
Jake e coordinates of T with respect
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[T'i]c‘ X [ T(Bl)]c +xX2 [T(Taznc -t % [T(Bn)]c
This las cq,uah'on con be writtn a5 oo

mahix  equation.

[Tde = ((T)e (TCoa))e-.. (TR [F) .
Compari(\% with e Cq,uah'on [12)cs :’-ﬂ[ﬂﬂ
at the be%irminz of the scchon, we seethat

% _

22 ([(T®)e [T®IIe--- LTom]c ).

MO:MX cq.u.ad-n'on of a linear mapping,

Let N and W be two vector 5pacc; of
dimensions N and m, respectively and let

% and C be bases of V ond W, vespeckively.

C—livex\ o \inear ma.ppin% T: VoW, +he

mainx cquabion of T wWith respect +0 B

Cartagcna99
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which, given e coordinates [Xle of o
vechr XeV with respect o B, compuies

Hhe coordinates [Txle of ik imoge T%

with respect to C.

M7® is the matrix assecioded to T with

respect +o B and C; that is: the matrix

of size Mxn given by
M8 (frbale [T(o))c --- [TCBm]C ).

The nolation M—?D hos been chosen 3o that
in e eauaton [ 1] Mc}ﬁ [%1g, tvaq%—hma,
indexed with B is collected on the right,
and everyHning indexed widh C i3S collected
on e |eft.
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A special cose is when V=W. Never+neless,
D and C moy not be e same bases,

So a second SPCdo.\ cose when V=W ond
T@)=Ax

P=C. 'ﬂ j.,xﬁe
[ Mi.":i.
Let f:fR‘—a n’ be o linear mayp\na,
such +hat
£ (-’-3’ L\, $ °)= [2
0 ] i )
3 | 0

We would lite +v write Hhe malvin associated
h -fl with respect 1o €2 and €5 +he
caponical bases of R" and ﬂlsl respechively .

W."\} ¢ Doman
62. E—) .
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ﬁg Y

Let D: 3‘91?5 be He linear mopping
defined by Dpuo=p'co. Consider +he
canonical bastis B-‘-{l,x,x", x’j. Write +he
Matrix associated with D with respect to
[ (‘HR Second special case discussed abave).

B (04 )y [2), [Dede (D))
-([0)s [1)s [2dp [300),)

|
—~
o
'..a-
@)
(@
/

R= L+ 3% T3=D(1432)= bx
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Let T:ﬂ%"’pcf be +he lintor mo.pping
defined by Tpod= xp(x). Consider +he
bases '3“{ i, 31+x x+x”, x"-\-x?’} on d

C=§l,x, xY %3, x“] o} Ps and Wq,fesyccl-{velxl.

CLASES PARTICULARES, TUTORIAS TECNICAS ONLINE
LLAMA O ENVIA WHATSAPP: 689 45 44 70

Cartagcna

ONLINE PRIVATE LESSONS FOR SCIENCE STUDENTS
CALL OR WHATSAPP:689 45 44 70

www.cartagena99.com no se hace responsable de la informacion contenida en el presente documento en virtud al
Articulo 17.1 de la Ley de Servicios de la Sociedad de la Informacion y de Comercio Electronico, de 11 de julio de 2002.
Si la informacién contenida en el documento es ilicita o lesiona bienes o derechos de un tercero hdganoslo saber y sera retirada.



Asseciated matvix: Injeckiviky and Surjeckvity
In Pnis sechon, we will relate Some properties
of o, ltnear mappin% with Some proper Hes
of its assockted wonix,

Constder +he lineor mapping T:V—>W beoeen
fo Ainife- dimensional veckor spaces. Since
Wwe con asseciate a matrix with T,

we Wil use e tools developed Ffor
Motricts Jo  Shidy the wanin% T.

For Hhis, we need +o fix o bosis for V:
'b: ?Ll'—bz’ - --:%n}.
We wil also need 4o Pix a basis for W: C.
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With these two bases, we can constroct
70 e maiix associaked with T such

Hhat

[T2)e= M7 [%lg, VeV
Recall that Hre mahnx M—f—’e 1S 3iven b\,‘.
M?O= ([T(EI)]C [Tﬁ;zﬂc --- [T(Ton)]c)

\We have the followsi n9 focks shdted

previously:

Sﬁld\lin% a set of vectos is eqmvalen-}
h shudying ifs coordinates.

Since B is a linear\y independent set,
T is injechive 1§ and only if
§T(), T(bz2),..., Tlim) ] is a linearty
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Since B is a gentrating system of V,
T is surjechive it and only if

TN, T), .-, T()3 is a generaling
s\,s+Cm of W.

Firsh, we will study the relationship behoeen
Ha injechiviby of T and e pivot colomns of Mr
We knowo Hhat T is injeckive if and only if
JiTib)le, (T(o)e ..., [Tlon e} is Iinearly
independent. Dut these vectors are the colomng
of 2% Therefore, we hove

Tis injcc‘\'{vt ]f and only 'lf He dumrs of
Mc;b avre linearly independent eaquivalenily,
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Tis 1n jectve i} and on\y if If'b]c?M?b[ X8,
belmT, has a unigue solution,

Clear\\[, the number of pivois in M?B IS
independont of +the chosen boses B and C.
We can relate e injechvity of M7 with

He ronk of 22

fank ?B=rﬂ-'pivo{'s :# columns of M:—’% dimV
by injectivity of T,
all the columns are pivots.
Let f:l’R‘—> n’ be o linear mapp\na.
such +at
2 (i)r— L\ | f(o)= [2
0 2 i )
3

| ©
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M?,ﬁz =/ 9 1 o
2 1 |™M{0 1 |
3 0 0 O
Cs, €,
We can see that all He columns of Me
are pivots (eq.u‘wakvtl-l\{ , rank M;"Q=dimlzz= Z),
Horefore f is injechive.

Let D: B~ be e Linear mopping
defined b\, DPCx)= p'Cx). As we have
previously seen, Hu assodafed matn'x with
respect to He stondard bosis B s

Mg’b = ( 6 1 6 0o
6 0 & O
o 0 o 3
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This mafrix only has 3 pivots and one nonpivot

column. Therefore D is not irg ective.

Equivo.ltn-“\[ , D is not ivjtc-h'vc because
fank Mp'® = 3+ dim Fy=4

Let T: ]?3"’@1 be +he lintor mo.pping
defined by Tpoo= xpx). ConsideLr +he
bases B={1, 14x, KX, +3 and
C:fl,x, xY %3, x} o} Ps and Wq,fesyccl-n’ve.l\l.
The associated modrix is
M‘,"—’”-—/oooo /l°oo\

1 + b6 o b I ©0 o

6 {+ L o |71 00 |« O

\00|11 0001/
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In +Wis cose, every column of M? IS a pwt
and therefore T is injechive. Equivalenhy,
T is injeckive  because

rank M7® = 4 = dim B

Now, we will study e relotonship behoeen

W surjechvily of T and He pivots of My

.8

We knows that T is sucjechve if and only if
176N e, [To]c, -, [Tthm1c) is @ system of
%anera{-ovs of R™ where medimW. In other
words, +he matrix equakion

[ble= M?®[51s, Tel
Should always Wave a soluben for ony HEW.
For s 4o be 4rve, each row of M7® must

Cartagcna99
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Tis suchc-ch i$ and ony if He oolumns
of M7" conskitutes o system of generators
of TRm, m=dimW, equivaknily, each mw
of MZ® hos o pivot.

Tis surjective i and only if +he equakion
(ble= M?b [x]p aluwoys hos o Soluhion for
ony beW.
We an relake He Surjechivity of T with
e ronk op M7®
fonk M7°=# pivots ;#fows of M:'5= dim W.
Yy Hae Surjechivity
of T, each w hay

o pivot.
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Let f:fR‘—e 'y be o linear mapp\na,
such +hat

L)

3 \ 0

We hove already found twe associated matrix
with vespect o e canonical bases:

Mia:&

#-"I;L i1 o
2 1 |™MlO0 1 |-
3 0 0 O

e'z
We can see that not every row of 138

has a pivot thovefore £ is not surjective..
EauivalenHy, £ iS not suriechve becavse
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Constder 4w linens Wapping T: >R
defined by T(X)=AX where
A= /1 4 3 5

2 5 8 3+ 13

3 b 1o 9 1
Cleasly, the Madix associated o T with respect

fo He canonical bases is A
A~f1 0 o | ©

o ! o ! |

o 0 1 0 )
Since every row of A has o pivot, we have
Hat T is surjective. Equivalenty, T 1s

Surj ective, since
fonk B= 3= dim le
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To Binish this sechion, i+ must be remarked
that T is bijechive if and ony if every
Pw and every wlumn of MC%B hos a pivot.
For #his, i} is necessary ot M‘?b is Square

ond inverhble.

Move,over, o W\applrva con e both not u‘njcch‘vc
ond not surjective, An exomgle of +his

1S He mopping D:#->Ps dofined by
Dptx)=p'w.
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Let \/ and W be 4wo vector spaces, and

let T:V->W be g fixed Jbut arbH-ran&)
lineor moLpping

Recoll hat P mabrix ossociated with

T deperdS on +he bases chasen for N and W.
Nevertheless, e linear magping Should no+
depend on our doice of hases.

This imglies $hat +heve is a relation between
Jwo modrices assodiaded with T but witHnh
respect  to disknct  bages.
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Recall $hat Vand W are vechr spaces and
the linear mapping T:N—>W is fixed but
arbitrary.

Leks  choose Hwo diskinct bases for V: B and B
and two distinct bases Lor W: Cand C.
Then, we have $he following relations behoen

coordinades:
[vlg= P [vl8, VeV
DB
[Wle= P, [W)"c’,, wew
CED

? %

Where BeB and ceC are e corresponding

matrices o} chonot of bages.
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,B
Recall +Hhnat M:— denotes e modrix asseciated

with T oith respect 4o B and C, and

(% ) .
7 denotes Hhe modrix asso ciated it

~S

T with resgect +o # and €.

Ne con c,onvenleonl sommavrize the relation
behoetn  these matrices with He following
dia%mm

We—T—V

[W]c = ’T’)ﬁ [V]'ﬁ

C &( ? ¢,
tec My Bf@’ L

h "4 P
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OUX %oal IS 10 fmd a relation between

¥ and  MES. To do His, we proceed
as %ollow:
Consicler e matvix equation associated
with T with respect 4o Hu st B and C'

[Tv]c, M [V-ng Y veV.

Noke Hrat [T'\}]CF c:(P-’c,' [TV]E an
[T/]g?— @EZ [v]. Sulas%h){-m% Here relafions
in e obove equation, we obfain

cfE [Tv]c, = M ﬁ:—P'o [v)3
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N
[17le= P M7 P [31;
Tec BED
CDMparin% His last eguaHon w 1HN
[e): = M—cf—’g [U]é, we drduce

M= P M2 P

cec BB

This formu\a s e relotion behween MY? ang

5—’”’ Hat we were lookima Jor.
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On Hu |eH hand sidt o} He Formule

we  have MT with Superindeced T omd .
On tne rvignt hand sicle, +hese Same indices
afe on e exterior, while B and ¢C
appear on He interior. Mowover notice
that e Subingex By below e Superindex
C, and similarly,; Hre Sobindex C y belows
the Soperindex C.

We con alp use +Hre diogrom

P

ce&C

Cartagcna99

WeT—V

_ %) _
W]c. = 'T) [V]Q

P ot D)‘ PN
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o remember how o write e dnam%e of
bases formula. Nokice Hat He Greow  Connecting
ditectly B and T is labeled Mz Plso
notice tat B and T con be connecred
alternghively  via - »—6—C—T.
\/JVEHA(K (£rom right 1o left) Hh labels

. . P M°
of Hhs allernative poH e 8&4’ Zec Tee}-)&
Since. the direck pocH'\ ond He alternative
podh  conpeck the same fwo verdice
2 and ¢ we will Sy Had Hey are

5 <8

equl © Mr ;ch M 91375) obf’ainin%

He  depsired chan%c of boses forrnuu(a-
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Let $:R*— P> be o linear mapping
such +hat

) O

3 | 0

We hove already Pound twe associated matrix
with vespect fo e caronical bases:

M?,ﬁz =[1 4
& 1
3 0

r\\ow wnsider +he pollowinoy bases for
*and B

M (o, A e (0 () (o
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e will Lompuie He motrix gssocated poith
1 with respect o B and C.
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Constder e lincar Mapping T: - R3
defined by T(X)=AX where
A= /1 4 3 5

2 5 3 13
3 0 10 9 1
Cleasly, 4he mMadix associated 1o T with respect

53|£'§

o ¥ canonical boses Es and €z s My =
Consider Hw bases of ®° and B2

B=(/1 0 o\ /—1\ /D
O 0 I S P ) -1 y -1
0, o) 1 0 -1 |7
0 0 O 1 0
0/ 0 0} o} b}
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The madviz associated with T uoidh
fespect 10 B and C is given by
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