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In this chapter we study a fundamental concept for infinitesimal calculus and mathe-
matics in general: the continuity of functions.

Definition 1 (continuity):
Suppose that f(z) is defined for all x of an open interval that contains ¢. Then, the
function is continuous if and only if

lim /() = f(c).

r—cC

Comments:

(1) In contrast to the definition of limits, it is necessary that the function exists at a
point ¢ for being continuous there (otherwise f(c) would not exist there). Furthermore,
while the existence of the limit in ¢ is necessary for continuity, it is not sufficient: the
limit must coincide with f(c).

(2) We can express the definition also in terms of € and o:
A function is continuous if and only if for all € > 0 exists a 6 > 0 such that

lf(z) = flo)] <e if O0<|z—c| <0,
where the limit value L has been replaced by f(c).
(3) The methods to calculate limits apply also for checking for continuity.

(4) Continuity is a property of a function at one value x = ¢. Nevertheless, it is pos-
sible to generalise the concept to intervals and often we refer to continuous functions,
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(7) We encounter the same cases as with the limits (function tends to £oo, function
oscillates, lateral limits do not coincide, etc.), with the simple question added: If the
limit exists, does it coincide with f(c)? Therefore, we can also define lateral continuity.

Definition 2 (lateral continuity):
A function f is:

left continuous in = ¢ if and only if lim f(x) = f(c),
T—c—

right continuous in = ¢ if and only if lim+ f(z) = f(e).
Tr—cC
Theorem 1 (continuity and lateral continuity):
A function is continuous at a point if and only if it is left and right continuous there.

Definition 3 (continuity in intervals):
A function f is continuous in

(a,b) if f is continuous for all = € (a,b);
[a,b) if f is continuous in (a,b) and right continuous in a;

(a,b] if f is continuous in (a,b) and left continuous in b;
[a,b]  if f is continuous in (a,b), right continuous in a and left continuous in b;
Comments:

(1) Continuity in a closed interval actually only means left and right continuity in its
boundaries. This is not a contradiction to Theorem 1 (at most an abuse of notation)
since there continuity at points is discussed, not in intervals.

(2) Note also that, for example, for an open interval I = (a,b), obviously a ¢ I and
the function cannot be continuous at a point outside its domain.

Let us classify the discontinuities:
(1) f(c) and lim f(x) both exist, but do not coincide. This discontinuity is called
Tr—cC

evitable, because we have the possibility to redefine the function by setting f(c) =

lim f(x) as condition. By doing so, we change the function in one point only.
Tr—cC

(2) The lateral limits exist but not not coincide. This jump discontinuity is not evitable.
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pen, it may be continuous.
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Figure 1: Graphs of a continuous function (A), an evitable discontinuity (B), a jump

discontinuity (C) and several cases of essential discontinuity (D-F), from p. 62 (A), 63
(B,C) and 64 (D-F) of [1].

Example 1: Study the continuity of f(x), given by

x? —4dr +4
flay={ MW=y e
folz) = —4 ifz=2.
For x # 2 we can simplify:
2 _ _9)\2
T 4x+4:(x 2) Y

z—2 r—2

As z = 2 is the point excluded from the domain of f;(z) according to the definition of
f(z), we can reformulate:

(f'/\ Q -C Q
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and hence the function is not continuous, but with an evitable discontinuity since we
could redefine f5(2) = 0, rendering f(z) continuous.

We have studied limits as x — £oo and we discussed whether the function approaches
a finite value (horizontal asymptote) or not. There is no equivalent concept for conti-
nuity as there is no value f(+o00) to compare with.

3.1 Properties of continuous functions

Given the intimate relation between limits and continuity, it is not surprising to find
that many properties of limits translate directly to continuous functions:

Theorem 2 (basic properties of continuous functions):

Suppose that f(x) and g(z) are continuous in = = ¢, then the following functions are
also continuous in x = ¢

(i) () +g(z) and f(z) = g(z);

(ii) kf(z), k € R;

(iii) f(2)g(2);

(iv) f(z)/g(x) if g(c) # 0.

Theorem 3 (some fundamental continuous functions):

(i) The polynomial P(x) is continuous on the real line (defined and continuous for all
real values of x);

(ii) The rational function P(z)/Q(x) (with P(z) and Q(x) being polynomials) is con-
tinuous in its domain (all values = ¢ such that Q(c) # 0);

(iii) f(x) = /™ is continuous in its domain, for n being a positive integer number;
(iv) f(x) =sinz and f(z) = cosz are continuous on the real line;

(v) f(z) = b is continuous on the real line (for b > 0, b # 1);

(vi) f(x) = log, = is continuous on the positive real line (for b > 0, b # 1).

We have to clarify what happens in the case of composite functions.
Theorem 4 (composite functions):

If g(x) is continuous in z = ¢ and f(y) is continuous in y = g(c), then the composite
function f(g(z)) is continuous in = = c.
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Example 2: Justify that h(z) = sin(z?) is a continuous function.

Function h is a composite function: h(z) = f(g(z)), with f(y) = sin(y) and g(z) = 22
Theorem 3 establishes that both f and g are continuous functions in their domain,
the real line R. Consequently, according to Theorem 4, the composite function sin(x?)
is continuous for all z € R. Additional comment: the composite function in inverse
order, g(f(z)) = (sin(z))? = sin?(x) is also a continuous function due to the same
argument.

We finish the chapter with two important theorems about continuous functions.

Theorem 5 (boundedness):

Let f be a continuous function on [a, b] compact. Then,

(i) f is bounded on [a,b], i.e, there exist m, M € R such that m < f(z) < M for all
x € [a,b].

(ii) f takes both minimum and maximum values on [a,b], i.e., there exist ¢,d € |a, b

such that f(c) < f(x) < f(d) for all x € [a,].

Comments:
(1) A compact interval [a, b] is closed and bounded (neither a — —oo nor b — +00).

(2) Theorem 5 (ii) is also known as the Weierstrass theorem. It is important for prov-
ing properties of continuous and differentiable functions.

Theorem 6 (intermediate value theorem, IVT):
Let f be a continuous function on [a, b] with f(a) # f(b). Then, for all u between f(a)
and f(b) there exist at least one ¢ € (a, b) such that f(c) = u.

Comments:

(1) In Fig. 2 we illustrate the IVT.

(2) The IVT seems to state an obvious property: a continuous function cannot make
jumps. For example, if a child grows in a year from 1,23m to 1,37m, there is a date
in that year on which the child was exactly 1,28m tall (and any other height between
1,23m and 1,37m).

(3) A direct consequence of the IVT is Bolzano’s theorem which confirms that if f(a)
and f(b) are non-zero and of opposite sign, then f(x) has to have at least one root
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Figure 2: Illustration of the intermediate value theorem. Source: [2].
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