IV, §6. PRINCIPAL RINGS AND FACTORIAL RINGS

We have seen a systematic analogy between the ring of integers Z and
the ring of polynomials K[t]. Both have a Euclidean algorithm; both
have unique factorization into certain elements, which are called primes
in Z or irreducible polynomials in K[¢]. It turns out actually that the
most important property is not the Euclidean algorithm, but another

property which we now axiomatize.

Defoncvon e andle principal)

Let R be an integral ring. We say that R 1s a principal ring 1f in
addition every ideal of R is principal.

Practically all the properties which we have proved for Z or for
K[t] are also valid for principal rings. We shall now make a list.













































































































































































































































































































































W}\' CMM0W>

Let R be an integral ring. Let pe R and p # 0. We define p to be
prime 1f p 1s not a umt, and given a factorization

(0 crreucle)

ab with a, beR

p

then a or b is a unit. (F‘m\,vvuo Su F’“’b’) b€ RF

’ EW ?’Y\W\ﬁ)mz . j-:T) frwvv\wm

E%SW . ?(x)eKD(j Ae Wé&» N YORLL)
(puts =400 (AX+Y) =2 & ™)

X5 X+ LERLXT & unatuable
Xzfﬁemxj o b cdle (40 w2)
) cHIX) e cvveduokle
2y Xe2 £ IX ] 2 ivreducdle (% FaLx3 @)uﬂzqw cm)

X LX+)§%LC’®\D<J O Orvedunidile (pwer Ao Wi Cap Mm&c@
MM\auw */\')J/L>

Y
- x4q = (x5 D)




























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































WZ', Cilguie Jo Eisodein

——

'ﬂ\ ~ .
IXHAXSE3 XL e x> 42X 22 e QLXT oy cndduchle

[ Por dw%&me P=3). ¢[A% A pXAT
Retodermey ke aferis ; R RS

S i

Theorem 5.4 (Eisenstein’s criterion). Let P / C /> =
" P(A
f(t)=ant '|"**-|—£10 'PXL

be a polynomial of degree n > 1 with integer coefficients. Let p be a
prime, and assume

a, Z 0 (mod p), a; ~0(mod p) forall 1 <n,
a, # 0 (mod p?).

Then [ is irreducible over the rationals.













































































































































































































































































































































































































































































































































































































E; g~ ‘

frr4206. En ZIX] & Ailancon o dierde

Eq rngmw 2x3+36 X124 = (x4 18 x5 62)= 29 (x)
& Hredunidle 2w, QX prAue X ) o€ (<. Edglom com

PoAuL 2. 1o N umda L e ZCXJ -

o> gt a BXT, §6h) Qumded JehEZ
— é&*g\o4x’t"'+3'bﬁxw













































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































4 Yo\ \smaﬂwm - 2 5
A C —
Bakontn 1= —E-;LPC’() +%) .3/3 X—r%)(a:_g‘-s 15X xd):
= bd £=acpeOtX) 560 =2 (5 1)

. ' . Y 4 b
by dntwmas Az vnCA (o bk f) = med (ot acpq § ==L

‘:% &!7%(: > = X)) == \7(—>(>q((,><) f% POX) (0/@((:03
(fird o &)
o, i W VTS 00(o hoo) & werided o B
























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Flomp e84 Gnlirs, Ao reduccon

343X +6LERALXT 4n ovthuctle (e

Theorem 5.5 (Reduction criterion). Let f(f)e Z]|t] be a /pﬁ@mﬁ
polynomml with leading coefficient azAwhich is not divisillelmesgmm

. Let Z — Z/pZ = E be reduction mod p, and denote the image of f by
f If fis irreducible in F [t] then f is irreducible in Q[t]




























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Dfii@v&_@z&& (factoizac gn wvicca)

An element aeR, a# 0 1s said to have unique factorization into
primes 1if there exists a unit v and there exist prime c¢lements p,

(1=1,...,r) iIn R (not necessarily distinct) such that

4 = Up, ' Py

D

{u:WVVM
oS 2 prromony

and 1f given two factorizations mnto prime elements

A =up, - p,=udgy 4,

: o
’—Fwotﬁ'mw)
then r = s and after a permutation of the indices i, we have p;, = u;q,,
where u, 1sa unit i =1, ....r.

We note that if p 1s prime and u 1s a unit, then up 15 also prime, so we
must allow multiphication by units in the factorization. In the ring of
integers Z, the ordering allows us to select a representative prime
clement, namely a prime number, out of two possible ones diftering by a
unit, namely =+ p, by selecting the positive one. This 1s, ol course,
impossible 1n more general rings. However, 1n the ring of polynomials
over a held, we can select the prime clement to be the irreducible

polynomial with leading coefficient 1. ( peRiemiic W‘D/”VWLLD3

A
93* > X M%+5><Z) toeed, a+0

o Taome P (Qc.@;) %4»)(7’@‘;"(”} € oD






































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































D&F(;M(A;g;\,?), ( am iz ﬁwom>

A ring 1s called factorial, or a unique factorization ring, if 1t 1§ integral,
and if every element #0 has a unique factorization into primes.

salitmasy I w&oh@smé'\"“m\

































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































o= 2 ()R- (2~ ) (As0) (2100 (A=C)  (er)
C\‘_MWM ¢ 1 7z . y W'{
porpe 2 Campoto 25 RAMD]






















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































(\)})MW\VQ/ HLwwWLs) @»0_ va. a g‘ef"&B


















































































































































































































































































































































































































Let R be an integral ring, and a, be R, a # 0. We say that a divides b
and write a|b it there exists ¢ce R such that ac = b. We say that deR,
d #0 1s a greatest common divisor of ¢ and b if d|a, d|b, and if any
element ¢ of R, ¢ # 0 divides both a and b, then ¢ also divides d. Note
that a g.c.d. 1s determined only up to multiplication by a unit.

Proposition 6.1. Let R be a principal ring. Let a, be R and ab # 0.
Let (a,b) = (c), that is let ¢ be a generator of the ideal (a,b). Then c is

a greatest common divisor of a and b.

L£-€ s K & PAMLLL?A/Q_/ (m,.[o):(c,) é C=wm.C 0{,(4,,14,)

Proof. Since b lies in the ideal (¢), we can write b = xc for some x e R,
so that ¢|b. Similarly, ¢|a. Let d divide both a and b, and write a = dy,

b =dz with y, ze R. Since ¢ lies 1n (a, b) we can write
¢ = wa + tb

with some w, te R. Then ¢ = wdy + tdz = d(wy + tz), whence d|c, and
our proposition 1s proved.


















































































































































































































































































































































































































































































































































































































































































































































































































Theorem 6.2. Let R be a principal ring. Then R is factorial.





























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































1 pesey  So a onCd = A= O cqd S wo A =—ou by = (@)g (as) .
20 pane) Sc by L =5 a=ob9 N, S v aiis\rz_bz-j; @)¢ ()G (22
s paod Nz, ba n =) A =qebaba VN cn A 2Ry 9, ()G (M) ()5l

io_ w) " 4'5’ b$“ é W 1\ 0 \\.. l\_a.?—-':. thba., % {g‘)i(ﬁ.\\%(a.;)g (a,t)
Buche Vv ame on oAl motade ok Cadtina par, ¢ 2. (""\%7 ¢ Nk (dian) WX
Proof. We first prove that every non-zero element of R has a

factorization 1nto trreducible elements. Given aeR, a #0. If a 1s prime,

we are done. If not, then a = a,b, where neither a, nor b, 1s a unt.
Then (a) < (a,). We assert that |

(a) # (a,).

Indeed, if (a) = (a,) then a, = ax for some xR and then a = axb, so
xb, = 1, whence both x, b, are units contrary to assumption. If both a,
b, are prime, we are done. Suppose that a, 1s not prime. Then
a, = a,b, where neither a, nor b, are units. Then (a,) = (a,), and by
what we have just seen, (a,) # (a,). Proceeding in this way we obtain a

chain of ideals \?(N’m‘(«mﬂ VO G Ay JEN pasn el
ore dg atal)

(&)55(631) C(a)ca)s...£0)<....

We claim that actually, this chain must stop for some integer n. Let
O€(am) S50€e3 L WV

X & (am % %W
X4eTS {ch(m)ﬁ Xy eam) 3] — U @) T, T
AR ET D) axelan) Saxe] ’ .)) ¥

Then J i1s an 1deal. By assumption J 1s principal, so J = (¢) for some
clement ce R. But ¢ lies in the ideal (a,) for some n, and so we have the

double inclusion —
1
3 (a,) < (¢) < (a,),
B
whence (¢) =(a,). Therefore (a,) =(a,.,) =..., and the chain of ideals

could not have proper inclusions at each step. This implies that a can
be expressed as a product

a=p,---p, where p,,...,p, are prime.

(N Pafha, profan Ra, wnwcidad)































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Next we prove the uniqueness.
M

P

Lemma 68. Let R be a principal ring. Let p be a prime element. Let a,

beR. If p|ab then p|a or p|b.
(maL)t’(/L):—]Z

Vo .
Proof. It pta then a g.cd. of p, a 1s 1, and (p: a) 1s the unit 1deal.
Hence we can write

l =xp + ya

with some x, yeR. Then b = bxp + yab, and since p|ab, we conclude

that p|b. This proves the lemma. P 7
\—W

b~ (‘o)( +yt) P

/Ar}m’w« da_ (;sa—aQe/wueQ W’Ca, W\MZC/JM,

Suppose finally that a has two factorizations /1, ¢y que F/'M o6l
(’"“'S $ hishp  meR?

= PP = g
into prime elements.Y Since p, divides the product furthest to the right, 1t
follows by the lemma that p, divides one of the factors, which we may

assume to be g, after renumbering these factors. Then there exists a
unit #, such that g, =u,p;,. We can now cancel p, from both

factorizations and get
Pz Py = U14s " Y.

The argument is completed by induction. This concludes the proof of

Che, belowm







































































































































































































































































































































































































































































































































































































































































































































































































Proposition 6.4.’5)L€r R be a factorial ring. An element pe R, p#0 is
W:} prime if and only if the ideal (p) is prime. 2)Y sc R o) W“’M (p) moimel..

W——‘
/)_) Note that for any integral ring R, we have the implication

aeR, a#0 and (a) prime = a prime.(g.e,pwrd“u}@)
/7)]9(.6(“'3
Indeed, if we write a=bc with b,ceR then be(a) or cela) by
definition of a prime ideal. Say we can write b = ad with some deR.
Then a = acd. Hence cd = 1, whence ¢, d are units, and theretore a 1s

prime.
In a factornial ring, we also have the converse, becausc of unique

faC’[OI’iZation‘ s s L G — o e - Bl |

—_—
— .



































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Let R be an mtegral ring, and a, be R, a #0. We say that a divides b
and write a|b 1f there exists ¢e R such that ac = b, We say that deR,
d #0 1s a greatest common divisor of a and b if d|a, d|b, and if any
element ¢ of R, ¢ # 0 divides both a and b, then ¢ also divides d. Note
that a g.c.d. 1s determined only up to multiplication by a unit.









































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































\{ o \,\_z/c/\/\/()) RLX ) vao o AvC
)











































































































































































































































































































































































































































































































































































Theorem 6.9. Let R be a factorial ring. Then R[] is factorial. The
units of R[t] are the units of R. The prime_elements of R[t] are either

the primes of R, or the primitive irreducible polynomials in R|t].

Let f(©)e R[t]. We can write f=cg where ¢ 1s the g.c.d. of the
coeflicients of f, and g then has relatively prime fhcients. We know
that ¢ has unique factorization in R by hypothesis. &t Luegy bwha

o a N /| N RED.
o (o) Lek gd=4, -4,
| (‘\7’,// T\:‘\ 4 \\;] - ? “/ \i\\j\//

\\\ . w f /\ v 4

be a factorization of g into irreducible polynomials ¢,,...,q, In K[t].

Such a factorization exists since we know that K[t] is factorial. /W
By there exist elements by, ...,b,€ K such that if we let p; = b:q;

then p; has relatively prime coefficients in R. Let their product be {

(£¢. B @W)@\m)

Then 3 V3" 57
1. L G O P R a0
By the (_}_gglis_;_emma @, the r1ght-hand su:ie is a pc}lynomlal in R[t]
with relatively prime coefficients. Since ¢ is assumed to have relatively
prime coefficients in R, it follows that ue R and u 13 a umt 1n R, Then
>/ u= 2 AY2oP B = \
f=cu 'p {*°* P» \\{ f ; w / /\_, \)/

1s_a factonization of f in R|[f] mto primc clements of R[t] and an ele-

ment of K. Thus a factorization exists.





















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































3) Fodha ver Gu La_ WM
> W Ca -

There remains to prove uniqueness (up to factors which are units, of
course). Suppose that

f=cpy--p,=4dq, g,

where ¢, deR, and p,,...,p., 44,...,9, are 1irreducible polynomials in R[]
with relatively prime coefficients. If we read this relation in K[t¢], and

use the fact that K[r] is factorial, as-=wel-—neSiiicorpsmd®” then we

conclude that after a permutation of indices, we have r = s and there are

l ts heK,i=1, ..., h that o
elements b, e K, i r such tha \”r@ j
(wnidal (m“)tﬂ) P: = big, tor i=1,...,r dela gk - e Kl

S

- a—

{ Since p,, gq; have relatively prime coethicients 1n R, it follows that in fact




























































































































































































































































































































































































































































































































































































































































































































































































































































































































(M K= \19\/ Y D (), ﬂjp: Z/(P)/ 7va )
[famndnele ZDOCYD)

VIS PNy & ﬁ@@@lﬂ € At
2






























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































» Xe€L9X=PLE K()(‘\(_}—;Kogjuij g%ﬁﬁ:o D fekix)p

W'- () mo o Washal ROV

(X)) & @ LB (x-1, o) JCCWJ_(
v s el
R,
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