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Definition 5.1. For any finite collection of groups G, . ... G,, we define their direct product
to be the group
i=n

HG.,-:Gl X ..o X Gy,
i=1

defined through the hinary operation

Exercise 5.2. Prove that [[:Z] G; is a group, and determine its identity element and the
inverse of each of its elements. Prove that it is abelian of and only if each group Gj is

abelian. Prove that
i=n

NEEEs
i=1

i=1

and in particular that szf (7; is finite if and only if each group &; is finite.

Lemma 5.5. Let G1..... Gy be groups. Fix j with 1 < 7 <n.
(i) The subgroup

(31) {(1,1,...,1,9;,1....,1) : gj € G}

15 normal in H’:f G;. and is also canonically isomorphic to G ;. By abuse of notation
————— 2
we denote the subgroup (31) by G ;.

(ii) In the notation of claim (i) we have a canonical isomorphism

=n
(J[cn/e =]]c
(with i running over the integers from 1 to n that are different from j).
(iii) The surjective homomorphism

defined by

has

(iv) In the notation of claim (i), if x belongs to the subgroup G; of szf G and y belongs

to the subgroup Gy, of Hi’f G, for some k # j, then xy = yx.



Definition 3.47. Let G be a group and let H and K be subgroups of <. We define a set

HK :={hk:he H.k e K},
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Proposition 3.51. Let G be a group and let H and K be subgroups of G. Then HK is a
subgroup of G if and only if HK = KH.

Corollary 3.53. If H and K are subgroups of G for which k 1s contained in N¢ (H ), the
set HK 1s a subgroup of (5.

In particular, given a normal subgroup H of G, the subset HK is a subgroup of G for
every subgroup K of G.
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Exercise 5.11. Let H and K be subgroups of a group G and assume that H N K = {1}.
Show that every element of HK has a unique expression as a product hk with h € H and
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Corollary 5.14. Let GG be a group and let H and KX _be normal subgroups of G which satisfy
both
HNK={1}
and
HK =G.
Then G is isomorphic to H x K.
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Theorem 5.12. Let G be a group and let Hy, ..., H,, be normal subgroups of GG with the
property that

(33) Hjﬂ(H1...Hj,1Hj+1...Hn):{1}
for each 1 < j <n. Then
(34) Hi.. H,=2Hix...xH,.
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Theorem 5.29. Let G be a group. Let H be a normal subgroup of G. Let K be a subgroup
of G. Assume that

HnNK ={1}.
Let
VK — Aut(H)
be given by

k) (h) = khk .
Then HK = H X, K. - -
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PRODUCTOS SEMIDIRECTOS

Theorem 5.20. Let H and IX be groups and let

p: K — Aut(H) (-C'ﬂ. Wx" [4 W)

be a group homomorphism. We define a binary operation x, on the set H x K by wL &ﬁ
(o k) %, (W', K') = (h - (p(k)(H)). k (”""“W v fCI ;") )
Then the following claims are valid.

(i) The pair (H x K.*,) is a group of order \H||K|4M Se M ‘Fd( H>qu’

(ii) The sets

H:={(h,1):he€H} and K :={(1.k) : k € K}
are subgroups of (H MI&AO) and the maps h — (h,1) for h € H and k — (1, k) for

k € K define zsomorphzsms H—7
. - k‘«\-——s(h 'L)\
H=H and K = K.

(iii) The subgroup H is normal in (H x K, *,)%e HNK

(iv )Hﬂh_{l}m Ew(_h;&‘“(‘,/ HxKSHk’

(v) For x = (h, 1)€H and y = (1, k)ef& one has
T GD.= ¥ty = (p(k)(h). 1),

£: ik =gl — By o
v Lov “fq’w“ ((h,a,\,(d.k.)v-—————ﬁ("ﬂ-)"“v“)'( )

Proof. We first show %, is associative. Let a.b,c € H and x,y,z € K. Then

(a.2) %p (b)) % (e, 2) =(a(p(x)(b). 2y) %, (c. )
=(a(p(x)(b))(p(zy)(c)), xyz)
=(alp(x)(0))(p(x)(p(y)(c))), xy=)
=(a(p(x)(b(p(y)(c)))), xyz)
—(a,2) % (p()(€)), 52)
=(a.x) %, ((b,y) *, (¢, 2))
The element (1, 1) is the identity because R KM:M(H >
_ €4 51— AL
(h.k)*, (1,1) = (h(,o\(ﬁl(i))?kl) = (h1. k1) = (h.k)
A = (;@ih)k) = @(h}) 1k) = (1,1) %, (h. F).
Given (h.k) € H x K the inverse element is <A

(h. k)™= (p(k~ Y (R7Y). E7D).



Indeed,

— —

(k) %y (k)™ =(h. k) %y () (A7) &) _—
00,1 = (e ) (78, k)
=(htptppthy =t <A
=(hh~ Y ki1
=(1.1)
=(p(k~1)(1).1)
=(p(k~H(hth). k7 =
=((p(k 1) (h" 1)) (p(k 1) (h)). b~ *k)
=(p( (A1), K70 %, (R k)
=(h. k) %, (h.k)

The order of the group (H x K, %,) is just the cardinality of H x K which is just |H ||K]. )
ThisY completes the pi‘oof of claim (i). de I | K —3 A uxﬂh
LL) We have w&y} “ ww 4———§—_ ({ A —> CAL
(10) (1) wp (1) = ((p(1) (K1), 11) = (R, 1)
and

(h 1) = (p(1)(h 1), 1) = (h 1,1

so H is a subgroup of G. Moreover the function f : H — H given by fu(h)=(h.1)is a
homomorphism because (40) implies that

fru(hb')y = (hh' 1) = (h, 1) %, (W', 1) = fu(h) x, fu ().

Since fp is clearly a bijection, it is an isomorphism H = H.
We have

(41) (L&) %y (1K) = (1(p(k) (1)), kF) = (11, kK") = (1 kK')
and
(L8)™ = (k) (1), k) = (LEY)

so I\ is a subgroup of G. Moreover the function fx : K — K given by fre(k)=(1.k)is a
homomorphism because (41) implies that

Frc(kk) = (L EK) = (1K) %, (1K) = frc(k) %, Fic (k).

Since fi is clearly a bijection, it is an isomorphism K = K. This completes the proof of
claim (ii).

(V) Tt is clear that A N K = {1} ool i— I 5, (iv) is valid. C
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We prove claim (v) before proving claim (iii). We have

(1K) sy (1) %y (L R) ™ =(L(p(k) (), k1) =, (1 O
—(p(k) (h). k) %, (1. )
—((p(R) (1)) (p(k) (1 )) )
—(p(k) (1. k1)
—(p(k)(h). 1), (Hxi)=: B

This proves claim (v).

4Ll) Now claim (v) implies in partmular that K C Nirr< K.« )(H ). Since m
e ohviously H C Nirrsrc ) (H 7), w N -H = H’%K
e F€@= oS bk A —=-— —— Mw%ﬂ)»‘“«%“K

This means that H is normal in (H x K, % p), which proves Clalm (ii), sphe gaprporcare
WVA:)W’SMTA 5z_q_cdwm~w oXe). o

Definition 5.21. Let H and K be groups and let
H g K

p: K — Aut(H)
be a group homomorphiqm The group (H x K, ,fis the @Wof H and K

with respect to p” and is denoted by H x4, I, or simply h\ H »x K when p is clear from
context. L}WW e(K) WWK')%&L (AOOW

Notation 5.22. We use the canonical isomorphisms described in Theorem 5.20 (ii) to
identify both H of K with subgroups of H x4, K, and so we henceforth drop the notation
H, I and simply write H and K in their place. As usual, we often drop the binary operation
*p from all notation.

Remark 5.23. The symbol H x K reminds us that, under the identifications of Notation
5.22, H is a normal subgroup of H x K, while K is not necessarily normal in H x /X. Unlike
the direct product x, the semidirect product X is certainly not symmetric.

E{ larno KdHX]K WMWHNK’\’HXK

P Yo Wim® que HMK:"I‘K’“HXK =Hx K

(Sc K < > bamlian mm-uﬂ)
Rl d gL ALLEDESy ok 5

=
@tr) = ﬂl) f“”u

(CUls AN X={N) (Cw )=

' — eM)(~X) =X

be given by p(0)(x) = = and by p(1)(x —x for x € Z/3Z. It is easy to see that p is
a homomorphism. Then the group Z/37 x, 7./27 is a non-abelian group of order 6 and

Elstone Hs grumpfo be sommmphic b S = Bg.
(oY% (4,9) = @HH() ,m) (0+(3), L) =(-0 ¥) = (2,4)

(L% (9, 1) "(’H'f(P)(Q), ow) = (110, 'L)«('L/ 1.) S o o ML 3.0y Sq -

———— Om = g e - - = = .. -

(ii) Let

Ce L) G T
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Z[3Z 1, Z[2Z — Dg
given by
(0,0) =1, (L.0)—=7r (2,0) =72 (0,1) s, (L1) s (2,1)— sr?
is an isomorphism. - (o —b o ) L "&“'2_
C0,55% (94)= (o+eaN0) 1+ 1) = (o, D=99) = (91 %1,,;... o Je0den)
(99 ¥l40) = (e jo40) = (A+4,0) (2 D (hie) bl e

R _ - (2 = ~
ca;;ﬂ*(‘v)vf’)*(%f;) > (ZA) ¥4 = <z+fa.w/m)- (\//:2 2 ZZZXSZéz = Dé
Byl

(iii) More generally, let
p:ZL[2Z — Aut(Z/nZ)
be given by p(0)(x) = x and by p(1)(z) = —x for @ € Z/nZ. It is easy to see that p
is a homomorphism. Then the group Z/nZ X Z/27Z is a non-abelian group of order Q-n.._P

~Y
(W= 2%2)
and contains H = {(0,0),(1.0),(2,0),...,(n — 1,0)} as a normal subgroup. In fact, as a
straightforward generalisation of part (ii), one sees that

Z./nZ %, 7/27 — Da,. Mx (7 >
) ; %% = {f (A
(o
4




Epowpte3. %, % % - e‘%;—*/w%)

e 2543 2 Ak ( 7{/39) Cew) (X)) = EA) Tk e

- - "%
(v) More generally, for any abelian group H, let 6(’\“:2‘)’( = €3 X 3
. - ( ): 3
p:Z/2nZ — Aut(H) Egiﬂ" 667))7»-«4-)(( )]
be given by p(k)(x) = (=1)*z for 0 < k < 2n — 1 and for # € H. It is easy to see that p is
a homomorphism. 2/32' ? %2
As an example we consider the case H = Z/3Z and n = 2. The group ZqSfzZhas

order 12 and we claim that it is non-abelian, so for instance it cannot have isomorphism
class (19, or isomorphism class Cy x Cs. We also claim that it is not isomorphic to Dio
or to Ayg. In this way, we have used the semidirect product to construct a genuinely new

group that we had not encountered previously. (—-’L;'\')
We have 7z =
(1,1)(2,0) = (1+ p(1)(2),1+0) = (1 = 2,1) = (2,1) Y,
while Yyw /
(2,0)(1,1) = (24 p(0)(1),041)=(24+1,1) = (0. 1),
\\(3‘ ﬁ)”'

50 Z/3Z %, Z /LJZ is non-abelian.
In addition Do and A4 do not have any elemegt_.s of order 4, but Z/Z7 x, Z /% con-

tains the cyclic subgroup 7,/47, of order-4 (ﬁrhw ilgt unique Sylow -subgroup):e‘w
2 W noemal

Theyefore Z /32 X, Z/QZ cannot be isomorphic to either Dqs or Ay4.
(o) Ao, 4) = (%2) N —
(o, Ve (O (4L) = (0,3) > o (o0 =
(0,0)* (9 1) ar(old.)x(O,() =9 %): (0)0) —
( . z —]
A wo Toue AT J okonlt o (=L cﬁ)gkAH
Ae ovRon U B0 Sy Sou defe T
Aru Sogn <=1

oo . Dy Tyt Jgng Sty
AL ovdbo- ¢t Ny VY (qf«rsgr }
D = & $v) S<
D’\Z- DZHG g S{/S / /,2’,‘?;_&






