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PROBLEM 3 (1 hour)
A perfect liquid of constant density ρ and constant viscosity µ fills the space between two infinite
parallel walls separated by a distance 2h, that move parallel to themselves in the same direction
with a constant velocity U . As shown in the figure, a very thin solid plate of length L� h is placed
at the center of the channel. In the regions far upstream and far downstream from the plate the
liquid moves with uniform velocity U due to the motion of the confining walls, and the modified
pressure takes uniform values P (x→ −∞)→ P−∞ and P (x→∞)→ P∞, respectively.

1. Provide the criterion that must be accomplished for the flow to be dominated by viscous
forces. (1 point)

2. Obtain the velocity field in the region occupied by the plate, in terms of the unknown pressure
gradient Pl = −∂P/∂x. (3 points)

3. Obtain the pressure drop P−∞ − P∞, as well as the pressure gradient Pl. (3 points)

4. Determine the forces (per unit spanwise length) that the liquid exerts on the confining walls,
Fw, and on the inner plate, Fp, as well as the power that must be applied to drive the walls.
(3 points)

5. If all the inner walls are thermally isolated, determine the temperature increase in the liquid
between two points situated far downstream and far upstream, T∞−T−∞. To that end, apply
the energy equation in integral form to an appropriately defined control volume (1 extra
point).
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PROBLEM 4 (1 hour)
A cylindrical piston of weight W and radius R, whose upper side is exposed to the atmosphere,
slides without friction inside a coaxial container of the same radius. The initial distance between
the lower side of the piston and the bottom of the tank is h0 � R. Below the piston, the container is
filled with liquid of density ρ and viscosity µ. The piston falls due to its own weight, and forces the
liquid to leave the tank, discharging to the atmosphere through a circular hole of radius αR� R.
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The known data are (ρ, µ, h0, R, α,W, g, pa). The objective is to determine the vertical position of
the piston as a function of time, h(t), under the assumption of dominant viscous forces in the liquid.
Gravitational forces in the liquid can be neglected (P ≈ p). The following steps are suggested:

1. (2 points). Using the radial momentum equation, find the liquid velocity profile, vr(z, t), in
the slender region αR ≤ r ≤ R, 0 ≤ z ≤ h(t), as a function of h(t), and of the pressure
gradient Pl = −∂p/∂r.

2. (2 points). Obtain p(r, t) as a function of h(t), ḣ(t) = dh/dt, and known data. To that end,
integrate the continuity equation across the gap (in the z direction), finding the second order
differential equation satisfied by p(r, t). To solve the equation, note that the pressure drop
across the non-slender turning region 0 ≤ r ≤ αR, 0 ≤ z ≤ h(t), can be neglected, so that
p(r = αR) ≈ pa. Note also that vr = 0 at the container wall r = R.

3. (2 points). Find the vertical force acting on the piston due to the liquid and the external
atmosphere, F , as a function of h(t), ḣ(t), and known data. Note that it proves convenient
to introduce a function f(α) to express the dependence of F on α.

4. (2 points). Using Newton’s second law applied to the piston in the vertical direction, find the
second-order ODE with initial conditions satisfied by h(t).

5. (2 points). Obtain h(t), as well as the volume flux through the hole, Q(t), under the assum-
ption of negligible inertia of the piston (acceleration of the piston much smaller than g). Note
that, in this approximation, the pressure forces balance the weight of the piston, the ODE
becomes of first order, and only the initial condition h(0) = h0 can be satisfied.

6. (2 additional points). Provide the condition that must be accomplished for viscous forces to
be dominant in the liquid, as well as the criterion of negligible inertia of the piston, in terms
of the governing parameters (ρ, µ, h0, R, α,W, g, pa).
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PROBLEM 4 (1 hour)
The system sketched in the figure is designed to steadily pump fluid of constant density ρ and cons-
tant viscosity µ from a reservoir, where the modified pressure has a constant value P0, to another
one at pressure P0 + ∆P (∆P > 0). To that end, a pair of parallel belts of length L, separated by a
distance h� L, are driven at constant velocities Vl and Vu, dragging the liquid towards the large
pressure reservoir.

The liquid flow can be assumed steady, two-dimensional (spanwise length much larger than h), and
dominated by viscous forces in the gap. It proves convenient to introduce a cartersian coordinate
system (x, y), where x and y are the directions parallel and perpendicular to the belts, respectively.
The only known parameters are (ρ, µ, P0,∆P,L, h, Vl, Vu).
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1. (1 point). Under the assumption of dominant viscous forces, obtain the characteristic velocity,
V∆P , induced in the liquid by the overpressure ∆P . Show that the pump will only work if
the dimensionless parameter Λ = (h2∆P )/[µL(Vl + Vu)], is sufficiently small.

2. (1 point). Provide the condition(s) that must be satisfied for the flow to be dominated by
viscous forces.

3. (2 points). Determine the streamwise velocity profile in the gap between both belts, vx(x, y),
as well as the volume flux per unit spanwise length, q. The results must be expressed as a
function of known data, and of the reduced pressure gradient, Pl.

4. (2 points). Determine Pl, as well as the pressure distribution inside the channel, P (x).

5. (2 points). Find the external forces per unit spanwise length in the x-direction, F EXT
l,x and

F EXT
u,x , that must be exerted on the lower and upper belts to keep the motion, as well as the

power per unit spanwise length that needs to be supplied to drive the system, Ẇ .

6. (2 points). Knowing that the net mechanical energy gained by the liquid per unit time and per
unit spanwise length during the pumping process is Ẇuseful = q∆P , determine the efficiency
of the pumping system, η = Ẇuseful/Ẇ , as a function of the governing parameters. Study
the particular cases a) Vl = Vu, and b) Vl = 0, demonstrating that in both cases the result
can be expressed as a function of the single parameter Λ defined above. In case b), find the
maximum efficiency, ηmax as well as the corresponding value of Λmax.

7. (1 additional point). Discuss the solution of Problem 3 in the light of the results obtained in
Problem 4.
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